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Abstract

The problem of computing with temporal information was early recognised
within the area of artificial intelligence, most notably the temporal interval
algebra by Allen has become a widely used formalism for representing and
computing with qualitative knowledge about relations between temporal in-
tervals. However, the computational properties of the algebra and related
formalisms are known to be bad: most problems (like satisfiability) are NP-
hard. This thesis contributes to finding restrictions (as weak as possible) on
Allen’s algebra and related temporal formalisms (the point-interval algebra
and extensions of Allen’s algebra for metric time) for which the satisfiability
problem can be computed in polynomial time.

Another research area utilising temporal information is that of reason-
ing about action, which treats the problem of drawing conclusions based on
the knowledge about actions having been performed at certain time points
(this amounts to solving the infamous frame problem). One paper of this
thesis attacks the computational side of this problem; one that has not been
treated in the literature (research in the area has focused on modelling only).
A nontrivial class of problems for which satisfiability is a polynomial-time
problem is isolated, being able to express phenomena such as concurrency,
conditional actions and continuous time.

Similar to temporal reasoning is the field of spatial reasoning, where spa-
tial instead of temporal objects are the field of study. In two papers, the
formalism RCC-5 for spatial reasoning, very similar to Allen’s algebra, is
analysed with respect to tractable subclasses, using techniques from tempo-
ral reasoning.

Finally, as a spin-off effect from the papers on spatial reasoning, a tech-
nique employed therein is used for finding a class of intuitionistic logic for
which computing inference is tractable.
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1 Thesis Overview

1.1 Topic

The topic of this thesis is the study of computational complexity of tempo-
ral and spatial reasoning'. Much of the work within the area of Artificial
Intelligence (and elsewhere) has been recognised as including the notions of
time and space, naturally, since these are fundamental aspects of the real
world. It is clear that capabilities of modelling and computing with facts
about time and space will be needed for any reasonably flexible system in-
teracting with its environment. The areas of temporal and spatial reasoning
in AT have developed from this recognition.

In this thesis, the focus is on temporal reasoning, and the results on
spatial reasoning can largely be considered as by-products of the research on
temporal reasoning. Vila [1994] has written an overview of the general uses
of temporal reasoning in Al.

The thesis contributes to the problem of computing with temporal and
spatial information, as opposed to the task of modelling temporal and spatial
phenomena. The modelling problem consists of deciding what are the ideal
primitive concepts and what is the appropriate formalism to use for a given
application. Once it is decided how to model a class of phenomena, methods
can be devised for computing facts given information expressed in the cho-
sen formalism. Attacking the problem of computation certainly requires a
choice of modelling formalism, and in order for the solutions to the compu-
tational problems to be relevant, here formalisms that are well established
and uncontroversial have been used, at least for the temporal case, where the
basis is Allen’s interval algebra [Allen, 1983], both in its original form and
extended with constructs for expressing metric temporal information. For
the spatial case, however, the modelling language used is the spatial algebra,
RCC-5 [Bennett, 1994], taken from the RCC approach to spatial reasoning
[Randell and Cohn, 1989; Randell et al., 1992b], about which there is still
some controversy whether or when it correctly models spatial phenomena
[Lemon, 1996].

Tnstead of temporal reasoning, sometimes the expression temporal constraint reasoning
is used to distinguish the field from that of reasoning about action, which deals with the
problem of inferring what propositions hold at what time points when it is known that
certain actions have been performed (see e.g. [Sandewall, 1994] and paper V of this thesis).
I think that this use is unfortunate, since in line with this, any reasoning task having a
temporal component could be called temporal reasoning.



There are fundamental computational problems associated with temporal
and spatial formalisms, including the following:

e Given some information, checking whether some temporal or spatial
relation is entailed from it, that is, being a logical consequence thereof.

e Checking whether some information is satisfiable, that is, checking
whether there exists a model that satisfies the information.

Cleary, there is a connection between the two problems, and indeed, they are
polynomially equivalent? for Allen’s algebra [Golumbic and Shamir, 1993],
and an analogous proof would easily establish the same result for the RCC-5
algebra. Another reasoning problem that is not as “logical” as the above
problems is that of finding a polynomially-sized representation from which
models can be extracted in polynomial time [Golumbic and Shamir, 1993].

This thesis is mainly concerned with the satisfiability problem. However,
it is important to note that although the above two problems are equivalent
for the full algebras, this does not necessarily hold for restricted subsets of
the algebras (see e.g. the end of the discussion section in paper IT).

It was early recognised that computing even with moderately expressive
temporal formalisms such as Allen’s interval algebra is difficult (the same
holds for spatial formalisms); in particular, the polynomial-time algorithm
originally proposed by Allen [1983] was designed to be incomplete in order
to make the computation reasonably fast. However, this is a very dangerous
way of attacking computational obstacles, unless the algorithm is accompa-
nied with some kind of guarantee, like a class for which it is correct. This
was not the case for Allen’s algorithm.

The computational problems inspired several researchers to apply meth-
ods from the field of complexity theory to temporal reasoning (and recently,
also to spatial reasoning), since the field addresses precisely the correctness
of problems related to how difficult they are to compute. Results obtained
from this approach include the following:

e It is a polynomial-time problem to check satisfiability (and entailment)
for the point algebra, i.e. where point variables are related by the
relations <, >, <, >, = and # [Ladkin and Maddux, 1994].

2That is, one problem can be solved in polynomial time using at most a polynomial
number of calls to the other, and vice versa.



e Satisfiability for Allen’s algebra is NP-complete [Vilain and Kautz,
1986], i.e. it is very unlikely that there exists a polynomial algorithm
for the problem.

e Satisfiability for the point-interval algebra defined by Vilain [1982],
where the only relations are those relating a point with an interval, is
NP-complete [Meiri, 1991].

e There exists a mazimal tractable® subclass of Allen’s algebra, the ORD-
Horn subclass [Nebel and Biirckert, 1995], i.e. satisfiability is tractable
for that subclass, and is tractable for no proper superclass of it. Fur-
thermore, it is the unique maximal subclass containing all basic rela-
tions.

e There exists one maximal tractable subclass in the spatial algebra
RCC-5 [Renz, 1996] and one in the spatial algebra RCC-8 [Renz, 1996;
Renz and Nebel, 1997].

An important assumption that underlies most of the above results is that
variables (taking for example values of temporal intervals or spatial regions)
are allowed to be unrelated, and this also holds for the results of this the-
sis. Relaxing that assumption yields more tractable classes [Golumbic and
Shamir, 1993].

An area that is related to temporal reasoning is the area of reasoning
about action (see e.g. [Sandewall, 1994] for an introduction), which is the
topic of paper V. In addition to treating relations between temporal entities,
propositions being true at time points and actions which have been executed
are also modelled in this field, giving rise to the infamous frame problem
(the problem of concisely expressing what does not change when it is known
what does change) [McCarthy and Hayes, 1969]. However, emphasis of the
research in this area has almost exclusively been on modelling, in contrast
to the temporal reasoning field. One attempt to address the computational
issues of the area is that of Schwalb et al. [1994], but it cannot be considered
satisfactory, since their “solution” is to sacrifice the completeness require-
ment of making inferences, but providing no other criterion for correctness?.
Furthermore, they do not correctly deal with the frame problem.

3The expression “tractable problem” is often used in place of “polynomial-time
problem”.
“Note that any algorithm for entailment that yields no conclusions at all is sound.



1.2 Contributions

This thesis contributes in line with the above results, first by finding new
maximal tractable subclasses for temporal and spatial reasoning, thus pro-
viding knowledge about the borderline between tractable and intractable
reasoning, and second by exhibiting the first tractable class for reasoning
about action known in the literature (to my knowledge), and also providing
some intractability results in this area. In addition, a new tractable class of
intutionistic logic is presented; this result was obtained as a by-product of
the results on spatial reasoning.

1.3 About the Thesis

The structure of the thesis is simple: this introductory chapter describes the
context of and summarises the eight papers, which in turn constitute the
rest of the thesis. The papers can be read in any order, but I recommend
that papers IT and III be read before paper IV, and paper VII before paper
VIIIL.

All of the papers are intended to be reasonably self-contained, presup-
posing knowledge about discrete mathematics and some theory of compu-
tational complexity. (An good introduction to complexity theory is that of
Papadimitriou [1994].) Due to this fact, some papers overlap slightly, but
this should hopefully not be too disturbing.

Concerning the amount of work put into the papers by the author, it
should be noted that the order of the authors reflects this (if indeed it can
be quantified), in that the first author of a paper has done most of the
research reported therein, and so on for the remaining list of authors. Of
course, I am responsible for any errors in the papers.

1.4 Brief Summary of the Papers
Paper I

It is known in the literature that testing satisfiability of a set of point vari-
ables over real numbers related with the relations <, >, <, >, = and
#, that is, using the point algebra [Vilain, 1982], can be done in poly-
nomial time [Ladkin and Maddux, 1994; van Beek and Cohen, 1990;

Gerevini et al., 1993], and that there are several tractable special cases
of checking satisfiability using Allen’s interval algebra [van Beek, 1989;

van Beek, 1990; Golumbic and Shamir, 1993; Nebel and Biirckert, 1995]



(the general case is NP-complete [Vilain and Kautz, 1986]). However, not
much is known about the computational properties of the point-interval al-
gebra [Meiri, 1991], where the only relations allowed are those between a
point and an interval, except for the general satisfiability problem being
NP-complete [Meiri, 1991].

Paper I classifies every possible subset of the point-interval algebra into
having an NP-complete or polynomial satisfiability problem, respectively.
It is proved that there are exactly five maximal tractable subclasses. This
represents a step towards obtaining tractable subclasses of Meiri’s qualita-
tive algebra, which includes the expressive power of the point algebra, the
point-interval algebra and the Allen interval algebra in one formalism. An
interesting feature of the method of proof employed, is that it requires com-
puter support for testing approximately 2.44 - 10° cases.

Paper 11

In Paper I, we could directly attack the problem of finding the complete set of
tractable subalgebras of the point-interval algebra. However, this is possible
only due to size of the algebra: it contains only 32 relations, making the total
number of potential subclasses 232 x 4.3 x 10, which would be theoretically
possible to enumerate on a computer. Allen’s algebra, on the other hand,
contains 8192 relations, yielding 28192 ~ 10246 subclasses, clearly being
impossible to enumerate on today’s computers. Therefore, a less systematic
approach to finding tractable subclasses could be excused.

For the Allen algebra, only one maximal tractable class was previously
known, the ORD-Horn subclass by Nebel and Biirckert [1995], containing 868
relations. This algebra extends all known tractable classes, except for one
four-element set found by Golumbic and Shamir [1993]. Paper II expands our
knowledge of tractable and maximal tractable subclasses, by defining twenty-
one new tractable subclasses whose satisfiability problems are solvable in
linear time, all of which are considerably larger than the ORD-Horn class,
nine of them being maximal tractable, and the remaining ones nonmaximal
(these are extended in paper III, but to the price of using an O(n?) time
algorithm). Each algebra contains exactly three basic relations, and four
of them contain the relation (< >), “before or after”, which is needed for
expressing the important notion of sequentiality. Also the tractable class by
Golumbic and Shamir is subsumed by these algebras.



Paper III

This paper combines two directions in temporal reasoning: the search for
tractable subalgebras of Allen’s algebra, and providing temporal formalisms
with the possibility of expressing not only qualitative temporal information,
but also metric information (such as statements like 3¢ —0.6s > 3V z # 17).
Eight new subclasses of Allen’s algebra are defined, and they are all proved to
be maximal tractable. It is proved that all nonmaximal algebras of paper II
are included in these algebras. Six of the algebras contain exactly five basic
relations each, and two of them contain three basic relations each. Further-
more, we use the new linear-programming approach to temporal reasoning by
Jonsson and Bickstrom [1996] in order to provide these algebras with metric
temporal information: four of the algebras can have metric information on
interval starting points and the remaining ones on interval ending points. It
is also proved that we cannot have both, without losing tractability, except
for the already known case of Horn DLRs [Jonsson and Bickstrom, 1996],
which provides the ORD-Horn algebra with metric temporal information.

Paper IV

This paper sets papers II and III in perspective, by proving a partial clas-
sification of tractability in Allen’s algebra, in contrast to the complete clas-
sification of paper I. Given the results of papers II and III, an important
question is whether the algebras found are just a few out of a multitude
of algebras of comparable expressivity. Using intensive computer support
(equivalent to 40 CPU weeks on a Sun SPARC 10 station), we show that
the answer to this question has to be answered negatively, in the following
precise way: any tractable subclass of Allen’s algebra that is not a subset
of either the ORD-Horn class or one of the algebras presented in papers II
and III, cannot contain more than three basic relations, which have to be
=, b and the converse of b, where b is one of d, o, s or f. Furthermore, there
is no remaining tractable subclass containing the relation (< =), required
for expression the property of sequentiality. Thus any remaining tractable
subclass is necessarily of weak expressivity concerning basic relations and
sequentiality. Note that this result also entails a complete classification of
tractable algebras containing the basic relation <.



Paper V

As mentioned in the introduction, the motivation for investigating the prob-
lem of reasoning about time in separation has been that the concept of time
is used in a large number of artificial intelligence applications. Paper V is the
only temporal reasoning paper in this thesis which does not consist solely of a
temporal component: here we can compute with propositions which are true
at time points. The paper achieves two goals in this: first, a propositional
temporal logic is developed, and second, this logic is extended to model the
so-called common-sense law of inertia. Logics of this kind are mostly re-
ferred to as “logics of action of change”, and in modelling power this logic
has to be compared to such logics. However, the emphasis of this paper is
not the traditional one in this field, that of modelling, but that of analysing
computational complexity: no analysis of that kind has yet been done in the
literature for such logics. It is proved that both in the basic temporal logic
and in the extension for reasoning about action, the satisfiability problems
are NP-complete, but perhaps more important, nontrivial tractable classes
are found in both, capable of modelling phenomena like concurrent actions,
continuous time and conditional results of actions. The expressivity of the
temporal component is equal to that of Horn DLRs [Jonsson and Béckstrom,
1996], which means that qualitative as well as metric time can be used.

One interesting (although not surprising) conclusion to draw from this
paper is that sometimes a separation of temporal and non-temporal compo-
nents is not the best way to attack the computational problems involving
time: we obtain the tractable cases by coding the logics into Horn DLRs,
and not by treating truth-value propositions and temporal propositions sep-
arately. It is not at all clear that a separated approach could handle this as
efficiently.

Paper VI

In this paper, we apply methods from results in temporal reasoning on a
related field, that of spatial reasoning. Also in this field, formalisms like
Allen’s algebra, the point-interval algebra and the point algebra have been
invented to model qualitative spatial phenomena. In this paper, we take
an existing such formalism from the RCC approach to spatial reasoning
[Randell and Cohn, 1989; Randell et al., 1992b], in particular the RCC-5
algebra [Bennett, 1994], and classify every subset of it (there are 32 relations
in it, so the effort is comparable to that of paper I) into having a tractable



or NP-complete satisfiability problem. Only one maximal tractable subclass
of this algebra was known previously [Renz, 1996], which in turn built on
earlier results by Nebel [1995]. In the paper we find the remaining three
maximal tractable classes.

Paper VII

This paper relates the temporal and spatial reasoning areas: generalising the
method of proof employed by Jonsson and Bickstrom [1996] for proving that
satisfiability for Horn-DLRs is tractable, we prove that for a corresponding
Horn class of reasoning about nonempty sets, satisfiability checking can be
done in polynomial time. Then we apply this result to finding a simpler algo-
rithm for the previously known maximal tractable class of the RCC-5 alge-
bra for spatial reasoning [Renz, 1996]. The existing polynomial algorithm in-
volves complicated transformations using modal logic, whereas our algorithm
is based on simple set-theoretical manipulations. In addition, by approach-
ing the problem from the more abstract set-theoretical level, it is possible
to express statements about spatial relationships that are not expressible
in the RCC-5 algebra alone. Furthermore, some topological properties of a
tractable subclass of the RCC-5 algebra are investigated, showing that sat-
isfiability of that subclass is equivalent to satisfiability in three-dimensional
space. This complements the results by Grigni et al. [1995], which show
that satisfiability in two-dimensional space for a restricted version of the
same subclass is NP-complete.

Paper VIII

This paper is somewhat more loosely related to the central topic of the thesis,
that of reasoning about temporal and spatial relations, than the rest of the
papers. It connects mainly to paper VII, by providing a new tractable class
of tractable reasoning about sets. The difference from paper VII is that we
investigate the case when empty sets are also allowed as set variables, and
it turns out that the Horn class found in paper VII has an NP-complete
satisfiability problem under this assumption. A new Horn-like class (being a
subset of the class of paper VII) is further defined, which is proved to have
a tractable satisfiability problem also when empty sets are allowed. The
technique for proving tractability is very similar to that of paper VII, and
was originally employed by Jonsson and Bickstrom [1996].

Using a connection between topological spaces and intuitionistic logic es-



tablished by Tarski [1956], we use the tractable class to obtain a subclass of
intuitionistic logic for which inference is tractable. This result is somewhat
related to spatial reasoning: in a more expressive approach to spatial reason-
ing than the RCC-5 algebra, the RCC-8 algebra [Bennett, 1994], a different
tractable class of intuitionistic logic was used in order to find a tractable
class [Nebel, 1995] (extended by Renz and Nebel [1997]), and it is possible
that this class can be used in a similar way, to find new tractable subclasses
of the RCC-8 algebra.

2 The Papers in Context

This section describes a broader perspective of the papers than the one given
in Section 1.4.

2.1 Papers I-1V: Temporal Reasoning

Outside the area of Artificial intelligence, much work has been done concern-
ing the modelling of temporal phenomena using various kinds of temporal
logics (see e.g. Gabbay et al. [1994] for an overview). However, the computa-
tional issues dealt with are usually on the level of establishing decidability or
aziomatisability, due to the expressiveness of the logics involved. Therefore,
since the emphasis of this thesis is on finding polynomial-time algorithms
for reasoning about time, these logics merit less attention here.

Within the area of Artificial Intelligence, early attempts at comput-
ing with temporal information are those of Bruce [1972] and Kahn and
Gorry [1977]. The former seems to be the first one defining what constitute
the basic relations of Allen’s algebra. Both of these present an implemented
system for reasoning about temporal information, but there is no evidence
of the existence of correctness proofs for their algorithms (which are not
even reported), and at least for the latter, the intended semantics for the
formalism employed seems to be unclear.

Allen [1983] seems to be one of the first to take formalisation, compu-
tation and correctness seriously, by giving a precise definition of his algebra
of interval relations, providing an algorithm for computing the closure of
an interval network (that is, finding the strongest possible implied relation
between two interval variables), and showing incompleteness of the proposed
algorithm. In Allen’s paper, the reason for emphasising the algebraic opera-
tions (making it an algebra) on interval relations (composition, intersection
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and converse of relations) was primarily for the operation of his particu-
lar closure algorithm. Interestingly, the property of being an algebra was
later exploited for a completely different purpose, pioneered by Nebel and
Biirckert [1995] and frequently used in papers I, II, III, IV and VI of this
thesis: it turns out that the satisfiability problem for interval networks using
only a restricted set S of interval relations is NP-complete if and only if the
satisfiability problem using the set S’ of interval relations is, where S’ is
the least set of relations containing S and being closed under the algebraic
operations (this is a different kind of closure).

Soon, the computational properties of Allen’s algebra were investigated
by Vilain and Kautz [1986]: the satisfiability problem is NP-complete, and so
is the problem of computing the closure of an interval network. This means
that it is very unlikely that there exist polynomial-time (let alone efficient)
algorithms for these problems. Essentially three lines of attack have been
pursued in response to this fact:

e Not solving the intended problem, by designing the algorithms as being
incomplete and hoping that they will work for most cases anyway.
Allen’s original algorithm [Allen, 1983] is an example of this approach.

e Trying to design fast algorithms for the full algebra, concentrating
on the performance on certain randomly-generated instances and on
benchmark problems which are naturally occurring in, for instance,
molecular biology [Valdés-Pérez, 1987; Ladkin and Reinefeld, 1992;
van Beek and Manchak, 1996; Mitra and Loganantharaj, 1996;
Nebel, 1996]. Of course, these algorithms cannot solve the full problem
efficiently, but it appears that improvement is made towards solving
instances which are of somewhat practical size. However, the difficulty
of empirically analysing algorithms (see e.g. [Johnson, 1996]) will prob-
ably require more investigation.

e Restricting the set of relations, proving that the problem for the re-
stricted set of relations is a polynomial-time one. This is a more the-
oretical approach than the former, since no experimental data is re-
quired for establishing results. It can also be argued that it might
be appropriate to investigate what efficient algorithms exist before a
general-purpose superpolynomial algorithm is employed.

The papers of this thesis follow the third approach, which was indeed the
first one to be pursued: Vilain and Kautz [1986] found that when the point
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algebra [Vilain, 1982] is used (that is, relating time point variables with
the relations <, <, =, >, > and #), satisfiability can be solved in poly-
nomial time (the algorithm was improved by Gerevini et al. [1993] to a
linear-time one), and expressing interval relations in terms of these yields a
fragment of Allen’s algebra for which computing satisfiability is polynomial;
the pointisable subalgebra. However, it was not clear whether this subalgebra
could be extended further, until Nebel and Biirckert [1995] defined a superset
thereof, the ORD-Horn algebra, which furthermore was shown to be maxi-
mal tractable, that is, impossible to extend without losing tractability, and
also that no other subalgebras than those contained in the ORD-Horn alge-
bra can both be tractable and contain all the basic relations. Also Golumbic
and Shamir [1993] defined several tractable subclasses of Allen’s algebra (and
provided NP-completeness results) using graph-theoretic methods. One of
their tractable classes is not included in the ORD-Horn class (there are also
other tractable classes, but these cannot express the relation “unrelated”, as
discussed above).

When time intervals or points are related using Allen’s algebra or the
point-algebra, only qualitative information can be expressed, that is, we can-
not express, for instance, that a time point comes five seconds after some
other time point. In order to remedy this, several different formalisms allow-
ing such expressiveness have been developed and analysed [Dechter et al.,
1991; Meiri, 1991; Kautz and Ladkin, 1991; Koubarakis, 1992; Lassez
and McAloon, 1992]. By the main result of Jonsson and Béckstrém [1996],
all tractable classes defined in these papers (except for two by Meiri, involv-
ing nonstandard entities such as discrete domains and multi-intervals) are
unified into a single tractable formalism based on linear programming, that
of Horn-DLRs, which also includes the ORD-Horn algebra (this result was
independently found by Koubarakis [1996], but using a less transparent al-
gorithm). The contributions of papers I-IV fall mainly within this category
of results. Related to papers I and IV is also the complete classification by
Pe’er and Shamir [1997] of tractable subclasses of a subset of Allen’s algebra
(using the same kind of macro relations as Golumbic and Shamir [1993])
with a nonstandard semantics where all intervals are required to have the
same length.

We should also mention that much research is being done on finding
special-purpose data structures for making reasoning practically efficient
even though a polynomial-time algorithm is already known (note that the
requirement of polynomial-time algorithms is not a sufficient condition for
practical usefulness), mostly for the point-algebra [Ghallab and Alaoui, 1989;
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Dean and McDermott, 1987; Dorn, 1992; Schrag et al., 1992; Delgrande
and Gupta, 1996].

2.2 Paper V: Reasoning about Action

Early in the history of Artificial Intelligence, McCarthy [1958] introduced
logic as a means for representing knowledge. Soon, several problems were
discovered with this approach; except for the inefficiencies involved with
running a theorem prover for computing consequences of facts [Green, 1969],
the representation issues themselves provided some problems, notably the
infamous frame problem, identified by McCarthy and Hayes [1969]. The
frame problem is how to represent what does not change in the world, when
it is known that certain actions affecting the world have been performed, and
maybe some additional observations are to be taken into account. Since the
emphasis of this thesis is not on modelling but on computing, it serves no
purpose to describe the development of these modelling formalisms, but it is
interesting to note that after several papers proposing solutions to the frame
problem, Hanks and McDermott [1986] pointed out that none of these was
correct, using the Yale shooting problem (thereafter a prototypical example
for reasoning about action) as a diagnostic example. As a reaction to this,
some researchers fortunately started to be more systematic [Sandewall, 1994;
Gelfond and Lifschitz, 1993; Kartha and Lifschitz, 1994; Lin and Shoham,
1991], by starting to define clearly what problem was to be solved, and
under which assumptions the approach would hold as a correct solution to
the frame problem. This so-called systematic approach (as opposed to the
previously used ezample-based approach) is followed in paper V, of course,
by stating mathematically what problem is to be solved and proving that
this is indeed done.

In this area, the focus of interest has generally been that of modelling
rather than computation, probably by the impact of the complications sur-
rounding the frame problem, and by the fact that formalisms employed are
almost always at least as expressive as first order logic, where computing
entailment is known to be undecidable [Boolos and Jeffrey, 1989]. To our
knowledge, no complexity analyses of such formalisms have yet appeared in
the literature®.

®Liberatore [1997] has performed a complexity analysis of the language A (which is less
expressive than that used in the paper) for reasoning about action [Gelfond and Lifschitz,
1993]; the publication is however unrefereed.
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2.3 Papers VI-VII: Spatial Reasoning

The problem of spatial reasoning is slightly more involved than that of tem-
poral reasoning: whereas the choice of ontological entities in temporal rea-
soning is relatively obvious (points or intervals; sometimes perhaps multi-
intervals or sets of time points [Meiri, 1991; Ladkin, 1986a; Ladkin, 1986b)]),
this is not the case for spatial reasoning. For instance, we have the following
aspects to decide on: How many dimensions (two or three®) are to be used?
Is the form or orientation of objects to be represented? How can (qualita-
tive) spatial relations be naturally chosen? For a discussion of such issues,
see Freksa and Rohrig [1993].

In this thesis we shall only consider spatial reasoning in its form closest
related to temporal reasoning formalisms like Allen’s algebra, and not the
more general (and more imprecise) kind of reasoning as, for instance, naive
physics [Hayes, 1979; Hayes, 1985], which concerns representing knowledge
about physical processes without using standard physics.

The so-called RCC approach by Randell, Cohn and Cui [Randell and
Cohn, 1989; Randell et al., 1992b; Bennett, 1994] is a first-order formalism
for expressing knowledge about spatial relationships, with two limited sub-
formalisms, named RCC-5 and RCC-8. These formalisms are defined as alge-
bras like the Allen interval algebra, containing five and eight basic relations,
respectively, but of different expressive power. Essentially, RCC-5 expresses
relations between nonempty sets, whereas RCC-8 instead has sets in a topo-
logical space as its ontological primitive, thus distinguishing the border of a
region from the rest of it. Until recently, the computational properties of this
approach were largely unknown; existing methods were either not known to
be complete [Egenhofer, 1991; Hernandez, 1994] or very inefficient [Randell
et al., 1992b; Bennett, 1994]. Even computing a transitivity table posed a
computational problem [Randell et al., 1992a]! Nebel [1995] presented the
first results on the computational complexity of these formalisms, showing
that consistency-checking of the basic relations of RCC-8 can be done in
polynomial time, and Grigni et al. [1995] classified the complexity of several
cases when models are required to be two-dimensional. Renz [1996] extended
Nebel’s result, providing one maximal tractable subclass of RCC-8 (see also
Renz and Nebel [1997]) and also one of RCC-5. Paper VI identifies the re-
maining tractable subclasses of RCC-5, and paper VII presents an algorithm
for reasoning about arbitrary nonempty sets, yielding as a side-effect a new,
simpler algorithm for the maximal tractable RCC-5 subclass of Renz [1996].

60ne-dimensional spatial reasoning seems to collapse to temporal reasoning.
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Furthermore, we cast some light on the semantical foundations of RCC-5 by
showing that for a particular subclass, satisfiability is equivalent to satisfi-
ability in R® (see Lemon [1996] for a criticism of the semantics of various
spatial logics).

3 Paper VIII: Intuitionistic Logic

Intuitionistic logic represents an attempt to formalise the ideas arising from
Brouwer’s criticism of the foundations of mathematics [Heyting, 1971;
Dragalin, 1988]. Not much is known about the computational properties
thereof, except for inference being PSPACE-complete in the propositional
case [Statman, 1979] (there also exists an O(nlogn)-space procedure [Hudel-
maier, 1993]), and the tractable class used by Nebel [1995] to find a tractable
class of the RCC-8 algebra for spatial reasoning. In paper VIII, we improve
on this by finding a new tractable subclass of intuitionistic logic, using a
technique for reasoning about sets similar to that of paper VII. Further-
more, the results on reasoning about sets are interesting on their own, as are
the corresponding results of paper VII.
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The Computational Complexity of
Relating Points with
Intervals on the Real Line

Peter Jonsson, Thomas Drakengren and Christer Backstrom

ABSTRACT

Vilain has suggested the point-interval algebra for reasoning about the rel-
ative positions of points and intervals on the real line. The satisfiability
problem for the full point-interval algebra is known to be NP-complete but
the computational complexity of its 4,294,967,296 subclasses has not been
investigated. We classify these subclasses with respect to whether their cor-
responding satisfiability problems are polynomial-time or NP-complete. The
classification reveals that there are exactly five maximal subclasses having a
polynomial-time satisfiability problem.
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1 Introduction

Problems concerned with the realizability of a set of points or intervals (along
the real line) subject to constraints have been a very active research area
for some time. Such problems arise in several application areas including
operations research [Papadimitriou and Yannakakis, 1979], combinatorics
[Roberts, 1976], planning [Allen, 1991], natural language processing [Song
and Cohen, 1988] and temporal reasoning such as time serialization in arche-
ology [Golumbic and Shamir, 1993], The archetypical example is Allen’s
interval algebra [Allen, 1983] which is based on relations between pairs of
intervals on the real line. Intervals are related by disjunctions of 13 ba-
sic relations which yields 8192 possible relations. Given a set of interval
variables related by Allen relations, the satisfiability problem is to decide
whether there exists an interval interpretation of the variables satisfying the
relations or not. This problem (which is NP-complete [Vilain and Kautz,
1986]) has been studied in a large number of papers [Vilain et al., 1989;
Golumbic and Shamir, 1993; Nebel and Biirckert, 1995; Drakengren and
Jonsson, 1997c; Drakengren and Jonsson, 1997a; Drakengren and Jonsson,
1997b]. A variant of Allen’s algebra where all intervals are required to have
unit length is studied in [Pe’er and Shamir, 1997].

Another algebra which has been thoroughly investigated is the point alge-
bra [Vilain, 1982]. This algebra considers relations between pairs of points on
the real line. In this case, we have three basic relations and eight disjunctive
relations. The satisfiability problem for the point-interval algebra is defined
analogously to the satisfiability problem for Allen’s algebra. However, this
problem is solvable in polynomial time [Vilain et al., 1989].

As a natural intermediate problem, the point-interval algebra has been
suggested [Vilain, 1982]. Here, a point p and an interval I on the real line can
be related in five mutually exclusive ways depicted in Table 1. The satisfia-
bility problem for the full point-interval algebra is known to be NP-complete
[Meiri, 1996]. One way of dealing with the complexity of the point-interval
algebra is to restrict the algebra only to contain subsets of its 32 relations
and study the complexity of these subclasses. This approach has been quite
successful in the case of Allen’s algebra where a large number of polynomial-
time solvable subclasses has been reported [van Beek and Cohen, 1990;
Golumbic and Shamir, 1993; Nebel and Biirckert, 1995; Drakengren and
Jonsson, 1997a; Drakengren and Jonsson, 1997c]. The main result of this ar-
ticle is a complete classification of all subclasses of the point-interval algebra
with respect to the computational complexity of the corresponding satisfia-
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bility problem. Our study reveals that there exist five maximal subclasses
whose satisfiability problem is solvable in polynomial time. Furthermore, if
a subclass is not a subset of one of these subclasses then the satisfiability
problem is NP-complete. Similar dichotomy results have been shown for the
generalized satisfiability problem [Schaefer, 1978] and the directed subgraph
homeomorphism problem [Fortune et al., 1980], just to mention a few.

A few words on methodology are appropriate at this point. The proof
of the main theorem relies on a quite extensive case analysis performed by
a computer. The number of cases considered in this analysis was approxi-
mately 2.4 x 10°. Naturally, such an analysis cannot be reproduced in an
article or be verified manually. To allow for the verification of our results,
we include a description of the program used in the analysis. The program
can be obtained from the authors.

The rest of this article is organized as follows: Section 2 defines the
point-interval algebra and some auxiliary concepts. Section 3 contains the
classification of subclasses and Section 4 concludes the article. Most of the
proofs are postponed to the appendix. This article is an extended and cor-
rected version of an earlier conference paper [Jonsson et al., 1996].

2 Point-Interval Relations

The point-interval algebra is based on the notions of points, intervals and
binary relations on these. A point p is a variable interpreted over the set of
real numbers R. An interval I is represented by a pair (I, I") satisfying
I~ < It where I~ and IT are interpreted over R. We assume that we
have a fixed universe of variable names for points and intervals. Then, a
V-interpretation is a function & that maps point variables to R and interval
variables to R X R and satisfies the previously stated restrictions. We will
frequently extend the notation by denoting the first component of I(I) by
$(I7) and the second by S(IT).

Given an interpreted point and an interpreted interval, their relative
positions can be described by exactly one of the elements of the set B of
five basic point-interval relations where each basic relation can be defined
in terms of its endpoint relations (see Table 1). A formula of the form pBI
where p is a point, I an interval and B € B, is said to be satisfied by a V-
interpretation iff the interpretation of the points and intervals satisfies the
endpoint relations specified in Table 1.

To express indefinite information, unions of the basic relations are used
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which lead to 2° distinct binary point-interval relations. Naturally, a set of
basic relations is to be interpreted as a disjunction of its member relations.
A point-interval relation is written as a list of its members, e.g., (b d a). The
set of all point-interval relations 2B is denoted by V. Relations of special
interest are the null relation @ (also denoted by 1) and the universal relation
B (also denoted T).

A formula of the form p(Bi,...,By)I is called a point-interval formula.
Such a formula is satisfied by a V-interpretation & iff pB;[I is satisfied by &
for some i, 1 < ¢ < n. A set © of point-interval formulae is said to be V-
satisfiable iff there exists an V-interpretation & that satisfies every formula
of ®. Such a satisfying V-interpretation is called a V-model of ©®. The
reasoning problem we will study is the following:

INSTANCE: A finite set © of point-interval formulae.
QUESTION: Does there exist a V-model of ©7

We denote this problem V-SAT. In the following, we often consider restricted
versions of V-SAT where relations used in the formulae in © are only from
a subset S of V. In this case we say that © is a set of formulae over § and
use a parameter in the problem description to denote the subclass under
consideration, e.g. V-SAT(S).

Meiri’s extended definition of the point-interval algebra consists of V
equipped with the two binary operations intersection and composition. How-
ever, such a definition does not constitute an algebra because it is not closed
under composition. We replace the composition operation with an operation
on V which we will refer to as 3-composition.

Definition 2.1 Let B = {b,s,d,f,a}. The point-interval algebra consists
of the set M = 2B and the operations binary intersection (denoted by N)
and ternary 3-composition (denoted by ®). They are defined as follows:
Vp,I:p(RNS)I < pRIApST;
Vp,I :p(R®SQ®T)I < 3q,J : (qRI AqgSJT A pTJ).

It can easily be verified that

ReSe®T=|/{BeB ®B"|BeR,B' €S,B" T},
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| Basic relation | Symbol | Example | Endpoint relation |

p before I b P p<I™
ITI

p starts T s P p=1"
ITI

p during I d p I <p<It
ITI

p finishes T f P p=1IF
ITI

p after T a P p>IT
ITI

Table 1: The five basic relations of the V-algebra. The endpoint relation
I~ < I that is required for all relations has been omitted.

i.e., 3-composition is the union of the component-wise 3-composition of ba-
sic relations. In Table 2, we present the tables for 3-composition of basic
relations. We can see that, for instance, (f) ® (b) ® (s) = (a).

Next, we introduce a closure operation Cy. This operation will simplify
some of the following proofs.

Definition 2.2 Let S C M. Then we denote by Cy(S) the V-closure of
S, defined as the least subset of M containing & which is closed under
intersection and 3-composition.

Given a set S C M, we can easily compute Cy(S). Let ¥ : 2M — 2M be
defined as

¥(X)=XU{zny|z,ye X}U{r@y®z]|z,y2€ X}.

Obviously, ¥ is a monotone function on the complete lattice (2, C). Since
TH(S) C UHLY(S) for all i and | M| = 32, there exists a k < 32 such that
Tk(S) = TkH(S). Clearly, ¥*(S) = Cy(S). A program for computing
V-closures can be obtained from the authors.

The proof of the following result is omitted since proofs of analogous
results can be found in [Nebel and Biirckert, 1995].

Lemma 2.3 Let § C V. V-SAT(S) is in P iff V-SAT(Cy(S)) is in P. V-
SAT(S) is NP-hard iff V-SAT(Cy(S)) is NP-hard.

We continue by defining a duality operation on V.
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| R=b
I E | d | £ =
b| (bsdfa) (b sdf a) (bsdf a) (bsdf a) (bsdfa)
s || (b) (b) (b sdf a) (b sdf a) (b sdf a)
d || (b) (b) (bsdf a) (bsdf a) (bsdf a)
£ ] (b) (b) (b) (b) (bsdfa)
A ® ®) ®) ®) (bsdfa
|R:s
L » E [ d | £ =
bl (bsdfa) (a4 £ a) (a4 £ a) (a4 £ a) (a4 £ a)
s || (b) (s) (a4 £ a) (a4 £ a) (a4 £ a)
d || (b) (b) (bsdfa) (a4 £ a) (a4 £ a)
£ ] (b) (b) (b) (s) (d £ a)
a || (b) (b) (b) (b) (bsdfa)
| R=d
I E | d | £ =
bl (bsdfa) (a4 £ a) (a4 £ a) (a4 £ a) (a4 £ a)
s || (b s d) (@) (a4 £ a) (a4 £ a) (a4 £ a)
d| (bsd) (b s d) (bsdfa) (a4 £ a) (a4 £ a)
£ (bsd) (b s d) (b s d) (a) (a4 £ a)
al| (bsd) (b s d) (b s d) (b s d) (bsdfa)
| R=1£
L » E [ d | £ =
b| (bsdfa) (a) (a) (a) (a)
s || (bsd) (£) (2) (2) (2)
d| (bsd) (b s d) (bsdfa) (a) (a)
£ (bsd) (b s d) (b s d) (£) (a)
a | (bsd) (b s d) (b s d) (b s d) (bsdfa)
|R=a
I E | d | £ =
s [bsifa [ @ @ @
S bsafa @ @ @ @
d|l (bsdfa) (bsdfa) (bsdfa) (a) (a)
£f| (bsdfa) (bsdfa) (bsdfa) (a) (a)
af (bsdfa) (bsdfa) (bsdfa) (bsdfa) (bsdfa)

Table 2: 3-composition in the V-algebra. Each subtable represents one of the
five possible choices of the R relation. Within each subtable, the vertical aris
represents the S relation and the horizontal azis the T relation.
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Definition 2.4 Let R € V. Define Dy(R) as the set {3(r) | r € R} where
B(r) is defined as follows:

o B(b) = a;
. B(s) = ;
. B(a) =g
. B(t) =s;
o B(a) =0

Let S C V. Define Dy(S) as the set {Dy(R) | R € S}.

Lemma 2.5 Let § C V. There is a polynomial-time reduction from V-
SAT(Dy(S)) to to V-SAT(S) and vice versa.

Proof: We show the reduction from V-SAT(Dy(S)) to V-SAT(S); the other
reduction is analogous. Let © be an arbitrary instance of the V-SAT(DyS)
problem. Let ©' = {pDy(R)I | pRI € ©}. Obviously, ©' is an instance
of the V-SAT(S) problem. Assume © has a V-model §. Construct a new
V-interpretation & as follows:

¥'(p) = —(p) for each point p appearing in O;

S'(I7) = —S(I*) and S'(I'") = —(I7) for each interval I appearing
in ©.

It is not hard to see that &' is a V-model of ©'. Showing the converse
direction is analogous. O

Corollary 2.6 Let S C V. V-SAT(S) is in P iff V-SAT(Dy(S)) is in P.
V-SAT(S) is NP-hard iff V-SAT(Dy(S)) is NP-hard.

3 Classification of V

We begin this section by defining five subalgebras of the point-interval al-
gebra having a polynomial-time V-SAT problem. Later on, we show that
these algebras are the only maximal subalgebras of V with this property.
Before we can define the algebras, we need a definition concerning the point
algebra.
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Definition 3.1 A point algebra (PA) formula is an expression of the form
zry where r is a member of {<,<,=,#,>,>, 1, T} and z,y denote real-
valued variables. The symbols <, <, =, #,>, > denote the relations “strictly
less than”, “less than” and so on. The symbol 1 denotes the relation @
which is unsatisfiable for every choice of z,y € R and T denotes the relation
R X R which is satisfiable for every choice of z,y € R.

Let Q be a set of PA formulae and X the set of variables appearing
in 2. An assignment of real values to the variables in X is said to be a
PA-interpretation of €. Furthermore, Q) is PA-satisfiable iff there exists a
PA-interpretation < such that for each formula zry € Q, (z)r$(y) holds.
Such a PA-interpretation < is said to be a PA-model of Q.

The first point-interval subalgebra we will consider has a very close connec-
tion to PA.

Definition 3.2 The set V?? consists of those relations in V that can be
expressed as one or more PA formulae over points and endpoints of intervals.

Alternatively, V23 can be characterized in the following two ways:
V2 = Cp({(s), (£ a), (b d £)}); or
VB ={reV|(d) CrorrC(bs)orrC(fa)}.
The other four subalgebras are defined with the aid of Cy and Dy.
Definition 3.3
v20 = {(s),(b s),(ba),(bs fa)(bsda)},
V20 = Cy(v2°)
V0 =Dy(VY)
V'={L}u{rev|(s)Cr}
VT =Dy(1;")

Given a subalgebra Vy/, z denotes the number of relations in the algebra. Let
Vp be the set of all subalgebras in Definition 3.3 together with the algebra
V23, The relations included in each of these algebras can be found in Table 3.
Further, let Vyp denote the set of subalgebras listed in Table 4. We have
the following theorem.
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Theorem 3.4 If V € Vp then V-SAT(V) is in P. If V € Vyp then V-
SAT(V) is NP-hard.

Proof: See Appendices A and B for the results concerning Vp and Vyp,
respectively. O

The main theorem can now be stated.

Theorem 3.5 For § C V, V-SAT(S) isin P iff § is a subset of some member
of Vp. Otherwise, V-SAT(S) is NP-complete.

Proof: if: For each C € Vp, V-SAT(C) is in P by Theorem 3.4.

only-if: Choose § C V such that § is not a subset of any algebra in Vp. For
each subalgebra C in Vp, choose a relation z such that z € S and z ¢ C.
This can always be done since § € C. Let X be the set of these relations.
We make three observations about X:

L. | X]| <5
2. X is not a subset of any algebra in Vp;

3. V-SAT(S) is NP-hard if V-SAT(X) is NP-hard since X C S.

To show that V-SAT(S) has to be NP-hard, a machine-assisted case analysis
of the following form was performed:

1. Generate all subsets of V of size < 5. There are
5
Z<3.2 ) ~ 2.4 x 10°
i=0 L
such subsets.

2. Let T be such a set. Test: T is a subset of some subalgebra in Vp or
D C Cy(T) for some D € Vnp.

The test succeeds for all 7. Hence, V-SAT(S) is NP-hard. Since V-SAT is
in NP [Meiri, 1996], NP-completeness follows. O
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| [ V2V [V |V [ Ve

L ° ° ° ° °
(b) ° ° °

(s) ° .

(b s) ° ° °

(d) .

(b d) . .

(s d) ° .
(bsd) . . .

(£) ° .
(b f) °
(s f) . .
(bs f) ° . .
(a£) . .
(b d f) . . .
(sdf) . . .
(b sd f) . . ° .
(a) ° ° °

(b a) . °

(s a) . .

(b s a) ° . .

(da) . .

(b da) ° ° .

(sda) . . .
(bsda)| e . . o

(f a) ° ° ° °
(b £ a) ° ° .
(s £ a) . . .
(b s f a) . . ° .
(afa) . . .
(bdfa)| e . . .
(sdfa)| e . o .
T ° ° ° ° °

Table 3: The mazimal subalgebras of V which have a polynomial-time satis-
flability problem.
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Subclass | Relations

| Proof of NP-hardness |
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Lemma 2.6
Lemma 2.7
Lemma 2.7
Lemma 2.7
Lemma 2.7
Lemma 2.7
Lemma 2.7
Lemma 2.7
Lemma 2.7
Lemma 2.8
Bf =Dy (Bo)
Lemma 2.9
BP =Dy(B1)
Lemma 2.9
BY =Dy(Bs)
Lemma 2.10
By = Dy(B3)
Lemma 2.11
BY = Dy(By)
Lemma 2.11
BY = Dy(Bs)
Lemma 2.12
Lemma, 2.13
C(? = Dy (Ch)
Lemma, 2.14
Corollary 2.15
Corollary 2.15
Corollary 2.15
Corollary 2.15

Table 4: NP-hard subclasses of V.
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4 Conclusion

We have studied computational properties of the point-interval algebra. All
of the 232 possible subclasses are classified with respect to whether their cor-
responding satisfiability problem is in P or NP-complete. The classification
reveals that there are exactly five maximal subclasses having a polynomial-
time satisfiability problem.
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Appendix

This appendix collects the complexity results needed for the proof of The-
orem 3.5. The proofs of membership in P can be found in part A and the
NP-hardness results in part B.

1 Polynomial-Time Problems

Proving that V-SAT(V?%) € P is straightforward.

Proposition 1.1 Deciding satisfiability of a set of PA formulae is a polynomial-
time problem.

Proof: See [Vilain et al., 1989). O
Lemma 1.2 V-SAT(V?) is in P.

Proof: Follows immediately from the definition of V?* and the previous
proposition. O

Before we can show that the other algebras in Table 3 have polynomial-time
satisfiability problems, we need an auxiliary definition.

Definition 1.3 Let S C R be finite and denote the absolute value of z with
abs(z). The minimal distance in S, MD(S), is defined as

min{abs(z —y) |z,y € S and = # y}.

Observe that |S| > 2 in order to make MD(S) defined. For all such S,
MD(S) > 0. The definition of minimal distance can be extended to V-
interpretations in the following way: Let & be a V-interpretation that assigns
values to a set of points P and a set of intervals Z. Let

MD(S) = MD({S(p) |p € P} U{S(I"),3(I") | T € I}).

Lemma 1.4 V-SAT(V??) is in P.
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Proof: By Lemma 2.3, it is sufficient to show that V-SAT(v2?) is in P. Let
© be an arbitrary instance of V-SAT(v2°). Define the function o : v?° —
{<,=,#,T} as follows: o((s)) = “=", o((b s5)) = “<”, o((b a)) = “#”,
o((bsda))=%T"and o((b s fa))=“T".

Let © = {zp0(R)yr|pRI € ©}. In the sequel, y; will be considered as the
starting point of the interval I. By Proposition 1.1, it is a polynomial-time
problem to decide PA-satisfiability of ®'. We show that © is V-satisfiable iff
©' is PA-satisfiable.
if: Let & be a PA-model of ©'. Let ¢ = MD(S')/2. We construct an
V-interpretation & of © as follows:

e For each variable z, in ©' let S(p) = ¥'(zp).

e For each variable y; in © let $(I7) = §'(yr) and S(IT) = S'(yr) + ¢

We show that & is an V-model of ©. Let pRI be an arbitrary formula in ©.
We have five different cases.

I. R = (s). Then §'(zp)o((s))S '(yl) & S'(zp) = S'(yr) & S(p) =
S(I ). Consequently, p(s)I under &

2. R = (b s). Then $'(zp)o((b s))¥(y ) & Y'(zp) < S'(yr) © S(p) <
&(I7). Consequently, p(b s)I under &

3. R = (ba). Then §'(zp)a((b 2))%'(yr) & S'(zp) # S'(y1) & S(p) #
S(I7). If S(p) < S(I7) then p(b)I under I. If I(p) > I(I7) then

S(p) > S(IT) since I'™ = I~ + ¢. In this case p(a)l under &. Conse-
quently, p(b a)I under &

4. R = (b s £ a). Assume p(d)l under & Then (1) < J(p) <
SIS ) <Sp) <ST ) +e e Syr) < Y(zp) < Y'(yr) +

which contradicts the choice of . Hence, p(b s f a)I under &

5. R = (b s d a). This case is analogous to the previous case.

only-if: Let & be an V-model of ©. We construct a PA-interpretation &' of
©' as follows:

e For each point p in © let I'(z,) = I(p).

e For each interval I in © let S'(yr) = I(I7).
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Next, we show that &' is a PA-model of ©'. Let z,Ryr be an arbitrary
formula in ©'. We have four different cases:

1. R = “=". Assume to the contrary that I'(zp,) # I'(yr). Then X(p) #
() and p(b d £ a)I under &. But z, = yr € ©' iff p(s)I € © which
leads to a contradiction. Hence, z, = yr under &’.

2. R = “#”. This case is analogous to the previous case.

3. R=“<”. Assume ¥'(zp) > S'(yr). Then I(p) > (I~) and p(d £ a)I
under . But z, < y;r € ©' iff p(b s)I € © which leads to a contradic-
tion. Hence, z, < yr under &'.

4. R = “T”. This relation holds trivially in every PA-model of ©'. O
Corollary 1.5 V-SAT(V2%) is in P.
Proof: VI =D),(V2). O
Lemma 1.6 V-SAT(V!") is in P.

Proof: Let © be an arbitrary instance of V-SAT(V17). If a formula of the
form p 11 is in © then © is not satisfiable. Otherwise, consider the following
V-interpretation: S(p) = 0 for every point p and S(I) =0 and S(I1) =1
for every interval I. Let pRI be an arbitrary formula in ®. By the definition
of V17, s € R. Obviously, & satisfies pRI. Since it is a polynomial-time

problem to check whether p LT € © or not, the lemma follows. O
Corollary 1.7 V-SAT(V}") is in P.

Proof: V7 =DyV}"). O

2 NP-Hardness Results

This section provides NP-hardness proofs for the subclasses of V presented
in Table 4. The reductions are mostly made from different subalgebras of
Allen’s interval algebra. Consequently, we begin this section by recapitu-
lating some results concerning Allen’s algebra. To make the proofs of NP-
hardness less cumbersome, we will employ a technique which we refer to as
model transformations; the definitions and results needed are collected in
Section B.2.



43

‘ Basic relation ‘ Symbol ‘ Example ‘ Endpoint relations

X before Y < XXX X <Y ,X <Y,
Y after X - yyy | XT <Y , Xt <Yt
X meets YV m XXXX X <Y ,X <YT,
Y met-by X m™~ yyyy | X T =Y, Xt <Yt
X overlaps Y o XXXX X <Y ,X <Y,
Y overlapped-by X | o~ yyyy | XT>Y , XT<Y*
X during Y d XXX X >Y , X <YT,
Y includes X d— yyyyyyy | Xt >V, Xt <Y*
X starts Y s XXX X =Y ,X <Y,
Y started by X s~ yyyyyyy | Xt >Y Xt <Y™*
X finishes Y f xxx | X~ >Y ,X <Y,
Y finished-by X f~ yyyyyyy | Xt >V, X~ <YY"
X equals Y = XXXX X =Y ,X <Y,

Vyyy Xt>Yy ,XtT=Y"

Table 5: The thirteen basic relations of the A-algebra. The endpoint relations
X" <XVt and Y~ <Y that are valid for all relations have been omitted.

2.1 Allen’s Algebra

Allen’s interval algebra [Allen, 1983] is based on the notion of relations be-
tween pairs of intervals. An interval X is represented as an ordered pair
(X=,XT) of real numbers with X~ < X, denoting the left and right
endpoints of the interval, respectively, and relations between intervals are
composed as disjunctions of basic interval relations. Their exact definitions
can be found in Table 5. Such disjunctions are represented as sets of basic
relations. The algebra is provided with the operations of converse, intersec-
tion and composition on intervals. The definitions of these operations can
be found in [Allen, 1983]. By the fact that there are thirteen basic relations,
we get 213 = 8192 possible relations between intervals in the full algebra.
We denote the set of all interval relations by A. The reasoning problem
we will consider is the problem of satisfiability (ISAT) of a set of interval
variables with relations between them, ¢.e. deciding whether there exists an
assignment of intervals on the real line for the interval variables, such that
all of the relations between the intervals hold. Such an assignment is said to
be a A-model for the interval variables and relations. For A, we have the
following result.
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Theorem 2.1 Define the sets M3 and F as follows:
Nz ={(<*),(007)}
and
F={(=ss7),(x d7omm~ )}
ISAT(N3) and ISAT(F) are NP-hard problems.

Proof: The result for A3 can be found in [Drakengren and Jonsson, 1997b)].

To prove that ISAT(F) is NP-hard, we will use a closure operation
for Allen’s algebra which was defined by Nebel and Biirckert [Nebel and
Biirckert, 1995]. Assume S C A. Then we denote by C4(S) the A-closure
of § under converse, intersection and composition, i.e. the least subset of A
containing S closed under the three operations. Nebel and Biirckert [Nebel
and Biirckert, 1995] have shown that A-SAT(S) is NP-hard if and only if
A-SAT(C4(S)) is. Hence, to show NP-hardness of A-SAT(F), we can study
A-SAT(C4(F)) instead of A-SAT(F).

Now, consider the following set of relations:

Ag={(=dd oo " mm~ss™ ff7), (<)}

Golumbic and Shamir [Golumbic and Shamir, 1993] have shown that A-
SAT(Ay) is NP-complete. It can be verified that Ag is a subset of C4(F)
and NP-hardness of A-SAT(F) follows. O

In the previous lemma, C4 was computed by the utility aclose [Nebel and
Biirckert, 1993].

2.2 Model Transformations

One of our main vehicles for showing NP-hardness of different subclasses is
that of model transformations. It is a method for transforming a solution of
one problem to a solution of a related problem.

Definition 2.2 A model transformation is a mapping on V-interpretations.

This definition is very general. To make it applicable in practice, we need a
way of describing model transformations.
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Definition 2.3 Let T be a model transformation. A function fr: B — 2B
is a description of T iff for arbitrary V-interpretations <, the following holds:
if b € B and pbJ under & then pfr(b)J under T(S). A description fr can be
extended to handle disjunctions in the obvious way: fr(R) = U,cg fr (7).

Lemma 2.4 Let R = {rq,...,7,} CV and R' = {r},...,r,} CV be such
that V-SAT(R) is NP-hard and 74, C 7}, 1 < k < n. If there exists a model

transformation T' with a description fr such that fr(r,) C rp for every
1 < k < n then V-SAT(R') is NP-hard.

Proof:  Arbitrarily choose an instance © of V-SAT(R) and let ©' =
{pr'I|prI € ©}. Obviously, this is a polynomial-time transformation and ©'
is an instance of V-SAT(R'). We show that O is satisfiable iff ©’ is satisfiable.
only-if: Let & be a model of ©. Recall that r; C 7’;9’ 1 <k <n. Hence, S is
a model of @' since every formula pr'I € ©’ is weaker than the corresponding
formula prl € ©.

if: Let &' be a model of ®'. We show that T'(S’) is a model of ©. Arbitrarily
choose a formula prI in ©. By the construction of @', there exists a formula
pr'I € ©'. Thus, we have pr'T under &' which implies pfr(r')I under T(S’)
since fr is a description of T. Furthermore, fr(r') C r so prI holds under
T(S'). Since prl was arbitrarily chosen, T'(S’) is a model of ©. O

Definition 2.5 Let & be an arbitrary V-interpretation and let e = MD(S) /2.
Define the model transformation Ty » for 0,0’ € {+,—,0} as

1. for each point p let Tp, o (3)(p) = p; and

2. for each interval I'let T, o (¥)(I7) = I oeifo € {+,—}and T, » (¥)(I ") =
I~ otherwise; and

3. for each interval I let T,y (I)(I") = It o' ¢ if o' € {+,—} and
To o (S)(IT) =I" otherwise.

Descriptions of the model transformations in the previous definition can be
found in Table 6.

2.3 NP-Hard Subclasses of V
Lemma 2.6 V-SAT(A4,) is NP-hard.
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Table 6: Descriptions of some model transformations.

Proof: Reduction from A-SAT(N3) which is NP-hard by Lemma 2.1. Let T
and J be two intervals. We will show how to express I(o 0~)J and I(< >)J
in the point-interval algebra by only using the point-interval relations in Ay,
i.e., (d) and (b a). By doing so, we have shown NP-hardness of V-SAT(Ay).

Assume we want to relate the intervals I and J with the relation (o 0™).
Observe that I(o 0~)J holds iff there exist three real numbers a,b,c with
the following properties:

I <a<Itbuta<J ora>J"
I <b<ItandJ <b< Jt
J <e<Jtbute<I ore>IT

Obviously, we can relate I and J with (o 0~) by introducing three fresh
points a, b, c and the following six point-interval formulae:

a(d)l a(ba)J
b(a)I b(a)J
c(d)J c(ba)l.

In order to relate two intervals I,J with the relation (< >), we introduce
two fresh intervals K, L and relate them with (0 0™) by using three fresh
points a, b and ¢ as above. Observe that either I(a) < (b)) < I(c) or
I(e) < I(b) < I(a) in any model .
Now, relate a,b,c to I,J as follows:

a(d)l a(ba)l

b(ba)l b(ba)J

c(ba)l c(d)J.
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Figure 1: The construction of I(< =)J in the proof of Lemma 2.6. The
figure shows the situation when S(IT) < S(b) < I(J7); the other case is
analogous.

Let & be a model satisfying these restrictions. It follows that either (1) <
I(b) < S(J ) or S(JT) < $(b) < S(I7) and, consequently, I(< =)J. An
explaination of this construction can be found in Figure 1. O

Lemma 2.7 V-SAT(4;), 1 <i < 8, is NP-hard.

Proof: Polynomial-time reduction from V-SAT(Ap). Use the following
model transformations

and apply Lemma 2.4. O

Lemma 2.8 V-SAT(B,) is NP-hard.

Proof sketch: The proof of Lemma 2.6 goes through if the relation (b a)
is replaced by (b f). O

Lemma 2.9 V-SAT(B;), 1 <i < 2, is NP-hard.
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D1 P+ 0 p1+ 20 p1+30  pL+46 p1 + 50

p:® .
' p2c?

6
b3 5 I,

I

I

Figure 2: The construction used in Lemma 2.8.

Proof: Polynomial-time reduction from V-SAT(By). Use the following
model transformations

i=1:T, i1=2:T_p
and apply Lemma 2.4. O
Lemma 2.10 V-SAT(Bs3) is NP-hard.

Proof: By Lemma 2.8, V-SAT(By) is NP-hard. Let E = {(b),(d a), (b £)}.
Then (b f) ® (d a) ® (b) = (b s d) and (b s d)N(d a) = (d) so By C
Cy(E) and V-SAT(E) is NP-hard. Let © be an arbitrary instance of the
V-SAT(E) problem. We show how to construct an instance ©' of the V-
SAT(Bj3) problem that is satisfiable iff © is satisfiable.

We begin by showing how to relate a point p; and an interval I; such as
p1(b)I; by only using the relations in Bs. We introduce two fresh points po
and p3 together with two fresh intervals Is and I3. Consider the following
construction:

(1) pu(b £
(4) p2(b £

L (2)pi(b£)lz (3) p(b£)]5
I (5) pz(d a)l, (6) pg(b )13

~—
~—
~—



49

We denote this set of formulae with 2. Assume that & is a V-model of €.
For the sake of brevity, we identify the points and intervals with their values
when interpreted by &. Hence, instead of writing (p1) < (I ), we simply
write p1 < I; .

Obviously, p1 < I] or p1 = I1+. We begin by showing that there exists
a V-model of Q such that p; < I;. Let 6 = (I; — p1)/5. Consider the
following assignment of values:

I =p1+d ps=p1+20 I, =p1+36
pp=p1+46 I =p1+46 Iy =1I.

This assignment is depicted in Figure 2. Obviously, the assignment is a
V-model of €.

Next, we show that there does not exist any V-model of 2 such that
p1 = I;7. Assume & is such a V-model. By formula (4), we can see that
p2 < I or pp = I1+. By assumption, p; = I1+. Hence, either po < I; or
p2 = p1. If p2 = p; then formula (2) is equivalent to po(b £)I> which clearly
contradicts formula (5). Thus, p2 < I] and pa(b)I;. By analogous reasoning
one can see that ps < I; and p3(b)I;.

Next, observe that formulae (2) and (3) imply p; < I and p; < I
Furthermore, p; < I; and p3 < I; which implies ps < If and p3 < I1+ . By
our initial assumption p; = Ifr we get

A: p2<If'=p1§I;'
B: p3<If =p < IS

Consequently, po < I;” and p3 < LI. Observe that pa(b £)I3 and p3(b £)I,
by formulae (6) and (8), respectively. Hence, pp < I3 and p3 < I, .

We have to study four cases, depending on how the V-model assigns
values to the variables in formula (5) and (9).

1. I, <py<Ijyand I; <p3 < I . Thenpy < Iy < p3 < I; < p2
which leads to a contradiction.

2. I <ppand I <p3. Thenpy < Iy < I <p3s <I; <If <po
which is a contradiction.

3. I <prand I < p3 < I. Thenpy < Iy <p3 < I, < LS < ps.
Contradiction.
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4. Iy < py < I and I < p3. This case is analogous to the previous
case.

Consequently, every V-model of () satisfies p1 < I .

We have thus shown how to express the relation (b) by only using (d a)
and (b £). Obviously, we can take an instance of the V-SAT(E) problem and
in polynomial time transform it into an equivalent instance of the V-SAT(Bj3)
problem. NP-hardness of V-SAT(Bj3) follows immediately.

a

Lemma 2.11 V-SAT(B;), 4 <i <5, is NP-hard.

Proof: Polynomial-time reduction from V-SAT(Bj3). Use the following
model transformations

i=4:T_’0 1:=5:T+’0
and apply Lemma 2.4. O
Lemma 2.12 V-SAT(Bg) is NP-hard.

Proof: Let E = {(b),(b £),(s a)}. Then (b f)® (s 2) ® (b) = (b s d),
(sa)®(b)®(sa)=(dfa)and (bsd)N(df a)=(d) so By CCy(E) and
V-SAT(E) is NP-hard. Let © be an arbitrary instance of V-SAT(E). We
show how to construct an instance ©' of V-SAT(Bg) that is satisfiable iff ©
is satisfiable.

We begin showing how to relate a point p; and an interval I; such as
p1(b)I; by only using the relations in Bg. We introduce two fresh points ps
and p; together with a fresh interval I5. Consider the following construction:

() pi(b £)1 (2) pr(b £)I2 (3) p2(b £)11
(4) p2(s a)Ia (5) ps(s a)I1 (6) p3(b £)L>

We denote this set of formulae with Q. Let & be a V-model of 2. As in the
proof of Lemma 2.10, we identify the points and intervals with their value
when interpreted by .

Obviously, p1 < I; or p; = I1+. We begin by showing that there exists
a V-model of Q such that p; < I; . Let A = (It — I;)/3. Consider the
following assignment of values:

p3=1I;
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pp=1I;
L =1
LI=1; +1

It is not hard to see that this assignment is a V-model of ().
Next, we show that there does not exist any V-model of 2 such that
p1 = I, Assume S is such a V-model. We consider two cases:

Case 1: pi(£f)I5. Then p; = If' = I;'. Hence, if po(£)I; then po(£)Iy which
contradicts formula (4). Consequently, p2(b)I; and, by formula (4), p2(s)ls.
Obviously, I, < I; < I .

By formula (5), ps(s a)l;. Assume ps(s)Ii. Then p3(d)l> which contra-
dicts formula (6). Assume to the contrary that ps(a)l;. But this implies
ps(a)l which also contradicts formula (6).

Case 2: p1(b)Iz. Since pi(f)l1, I; and I are disjoint intervals and I is
strictly before Io. By formula (3), pa(b £)I1. If pa(b)I; then pa(b)lz which
contradicts formula (4). If po(£)I; then po(b)l> which, again, contradicts
formula (4).

We have thus shown how to express the relation (b) by only using (b £) and
(s a). Obviously, we can take an instance of the V-SAT(E) problem and in
polynomial time transform it into an equivalent instance of the V-SAT(Bg)
problem. NP-hardness of V-SAT(Bg) follows immediately. 0

Lemma 2.13 V-SAT(C)) is NP-hard.

Proof: Reduction from A-SAT(F) which is NP-hard by Lemma 2.1. Let
© be an instance of A-SAT(F). We construct a set ©' as follows.

1. For each formula of the type I(< d~ om m™~ f~)J in ©, introduce a
new point pr,y and let pr s(s)I and pr s(b £)J in ©;

2. For each formula of the type I(= s s™)J in O, introduce a new point
qr,7 and let g7 s(s)I and gr s(s)J in ©'.

Clearly ©' is an instance of the V-SAT(Dy) problem. It is a routine verifi-
cation to show that © is satisfiable iff ©’ is satisfiable. O
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Figure 3: An example of the construction in the proof of Theorem 2.14 for
a connected two-vertexr graph.

Theorem 2.14 V-SAT(Dy) is NP-hard.

Proof: Proof by reduction from GRAPH 3-COLOURABILITY, which is NP-
complete [Garey and Johnson, 1979]. Let G = (V,E) be an undirected
graph. Construct a corresponding set of point-interval formulae as follows
(the construction is illustrated graphically in Figure 3 for the connected
two-vertex graph ({vi,va}, {{v1,v2}})).

First, we construct a paint-box defining our three “colours”. It consists
of a point p and two intervals I; and I, plus the two relations p(s £)Iy
and p(s £)Io. Because of these constraints, the two intervals must have at
least one end-point in common, so there is a total of two or three interval
endpoints, which constitute our available colours. Hence, each model has a
palette with two or three colours. We may, thus, occasionally get models
corresponding to 2-colourings of G, but this is unimportant since every 2-
colouring is a 3-colouring. Of course, the actual denotations of these colours
differ between models, but this is also unimportant since they denote two or
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three different colours in each and every model.

Next, for each vertex v; € V we introduce a selector consisting of two in-
tervals Jz-sel, Jf ? and three points qf“bl, qf"w and qfel. The interval Jf ? acts
as a separator for the points qf“bl and qf“b2. This means that by introducing
the relations ¢f“!(s £).J;% and ¢f“*?(b d a)J;? these two points are forced
not to coincide. Further, both these points are related to the interval erl via
the relations ¢5“*! (s £)J#¢ and ¢f“%?(s £)J#¢!, which forces each endpoint of
this interval to coincide with either of the two points. Then the point qfel is
related to interval J#¢ as ¢f¢ (s £).J#¢, which forces it to coincide with either
of the two points qf“bl and qf“b2. Finally, this whole gadget is connected to
the paint-box via the relations ¢f“*!(s £)I; and ¢**2(s £)I,. Hence, these
two points select a subpalette of exactly two of the available colours, and
the point qfel then further selects one of these two colours as the colour of
vertex v;.

Finally, for each edge {v;,v;} € E we introduce an interval K;; acting
as a separator for the points qfel and q]s-el, in the same way as the separator
interval within the selectors. More precisely, the relations ¢$¢(s £ )K; ; and
q]s-el (b d a)K; ; are introduced. Obviously, these two formulae can be simul-
taneously satisfied iff vertices v; and v; have different colours, since the two
points q? and q;-) must not coincide.

It is obvious that G is 3-colourable iff the set of point-interval formulae

just constructed is V-satisfiable, so NP-hardness of the algebra follows. O
Corollary 2.15 V-SAT(D;), 1 < <4, is NP-hard.

Proof: Use the same construction as in the proof of Theorem 2.14. We
note that relations of the type (b d a) are used only in separators, forcing
two points apart. Consider a separator interval I for two points p and ¢
which are related as p(s £)I and ¢ r I, where » = (b d a) in the original
construction. We now consider how r can be constrained. First suppose that
p = ¢. In this case at most one of the two relations must be satisfied, which
holds as long as r does not contain either s or f. Conversely, suppose p # q.
In this case, there must exist a choice of endpoints for I such that both
formulae are satisfied. It is obviously a sufficient criterion that r contains
either d or both a and b (either of the latter alone is not sufficient, since
other constraints in the model may dictate whether p < q or ¢ < p). It
follows that  can be chosen as either of the relations (b a), (b d), (d a) and
(d), which proves the corollary. O
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Twenty-one Large Tractable Subclasses of
Allen’s Algebra

Thomas Drakengren and Peter Jonsson

ABSTRACT

This paper continues Nebel and Biirckert’s investigation of Allen’s inter-
val algebra by presenting nine more maximal tractable subclasses of the
algebra (provided that P # NP), in addition to their previously reported
ORD-Horn subclass. Furthermore, twelve tractable subclasses are identi-
fied, whose maximality is not decided. Four of them can express the notion
of sequentiality between intervals, which is not possible in the ORD-Horn
algebra. All of the algebras are considerably larger than the ORD-Horn sub-
class. The satisfiability algorithm, which is common for all the algebras, is
shown to be linear. Furthermore, the path consistency algorithm is shown
to decide satisfiability of interval networks using any of the algebras.
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1 Introduction

For specifying qualitative temporal information about relations between in-
tervals, Allen’s interval algebra [Allen, 1983] is often considered a convenient
tool. However, due to its expressiveness (the satisfiability problem is NP-
complete [Vilain et al., 1989]), it is unlikely that there will be a polynomial-
time algorithm for reasoning about the full algebra. Trying to overcome this,
several tractable fragments of the algebra have been identified (e.g. [Nebel
and Biirckert, 1995; van Beek, 1989; Golumbic and Shamir, 1993]), of
which the largest known is Nebel and Biirckert’s ORD-Horn algebra [Nebel
and Biirckert, 1995]. Furthermore, this algebra has been proved to be the
unique mazimal algebra containing all the basic relations, comprising ap-
proximately 10 percent of the full algebra.

None of these algebras, however, is capable of expressing the notion of
sequentiality, which is that of specifying that some intervals have to occur
in sequence in time, without any overlap. This is required e.g. in some
cases of reasoning about action [Sandewall, 1994]. The maximality result of
the ORD-Horn algebra then implies that the requirement that an algebra
should contain all the basic relations has to be sacrificed. Golumbic and
Shamir [1993] come close to expressing sequentiality, but require that any
two intervals are related, except for in an almost trivial four-element subset,
which is not even an algebra. Four of our algebras strictly extend this subset.

In this paper, we exploit a simple graph algorithm, similar to that of
van Beek [1992], and show that we can construct 21 large algebras for which
this algorithm solves satisfiability in linear time, and furthermore, that four
of these can express sequentiality, and nine of them are mazimal tractable
algebras (assuming P # N P, which we take for true in the rest of the paper).
It should be noted that these algebras are of a size considerably larger than
the ORD-Horn algebra: 20 contains 2178 elements, and one 4097 elements,
which is half of Allen’s algebra. However, this largest algebra has almost no
expressiveness, showing that the size of an algebra need not have anything
to do with its usefulness (as has often been argued in context with the ORD-
Horn algebra).

The structure of the paper follows. In Section 2 and Section 3 we present
the necessary background material about Allen’s interval algebra, and some
facts about the ORD-Horn algebra. Then, in Section 4, the concepts of
“acyclic” and “DAG-satisfying” relations are introduced, after which the
main results of the new tractable algebras are presented in Section 5. We
show how the algorithm works in Section 6, and finally in Section 7, we show
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Basic relation Example ‘ Endpoints
X before Y < XXX Xt <Y~
Y after X b yyy

X meets Y m XXXX Xt=Y"
Y met-by X m~ VYYY

X overlaps Y o XXXX X <Y <XT,
Y overlapped-by X o~ yyyy | Xt <Y T
X during Y d XXX X >Y,
Y includes X d~ | yyyyyyy | XT <Yt
X starts Y s XXX X =Y,
Y started-by X s~ yyyyyyy | XT <Y+
X finishes Y f xxx | XT=YT,

Y finished-by X f~ yyyyyyy | X~ >Y "™
X equals Y XXXX X =Y,
yyyy | XT=Y"

Table 1: The thirteen basic relations. The endpoint relations X~ < X' and
Y~ < Y™ that are valid for all relations have been omitted.

that the path consistency algorithm is sufficient for deciding consistency for
any of these algebras. A discussion concludes the paper.

This paper is an extended and modified version of an earlier paper [Drak-
engren and Jonsson, 1996]. The main additions are Section 6 and Section 7,
but we have also improved the presentation of the algebras considerably.

2 Allen’s Interval Algebra

Allen’s interval algebra [Allen, 1983] is based on the notion of relations be-
tween pairs of intervals. An interval X is represented as an ordered pair
(X, X7) of real numbers with X~ < X, denoting the left and right end-
points of the interval, respectively, and relations between intervals are com-
posed as disjunctions of basic interval relations, which are those in Table 1.
Such disjunctions are represented as sets of basic relations, but using a nota-
tion such that, for example, the disjunction of the basic interval relations <,
m and f~ is written (< m f~). Thus, we have that (< f~) C (<X mf~).
The algebra is provided with the operations of converse, intersection and
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composition on interval relations:

e The converse operation takes an interval relation 7 to its converse i,
obtained by inverting each basic relation in ¢, by exchanging X and Y
in the endpoint relations of Table 1.

e The intersection operation takes two interval relations R; and Ry to
their intersection Ry N Ry, by taking the basic relations that are con-
tained in both R; and R».

e The composition operation takes two interval relations R; and Rs to
their composition Ry o Ry, which is the Allen relation R3 such that
IRsJ iff dK.IR1K N KRy J.

By the fact that there are thirteen basic relations, we get 2'3 = 8192 pos-
sible relations between intervals in the full algebra. We denote the set of
all interval relations by A. Subclasses of the full algebra are obtained by
considering subsets of A.

Although there are several computational problems associated with Allen’s
interval algebra, this paper focuses on the problem of satisfiability of a set of
interval variables with relations between them, i.e. deciding whether there
exists an assignment of intervals on the real line for the interval variables,
such that all of the relations between the intervals hold. We define this as
follows.

Definition 2.1 (ISAT(S)) Let S C A be a set of interval relations. An
instance of ISAT(S) is a labelled directed graph G = (V, E), where the nodes
in V are interval variables and E is a subset of V' x § x V. A labelled edge
(u,r,v) € E means that v and v are related by the relation r.

A function M taking an interval variable v to its interval representation
M(v) = (z~,z") with z— < z™, is said to be an interpretation of G.

An instance G = (V, E) is said to be satisfiable iff there exists an in-
terpretation M such that for each (u,r,v) € E, M(u)rM (v) holds, i.e., the
endpoint relations required by r (see Table 1) are satisfied by the assignments
of u and v. Then M is said to be a model of G.

We refer to the size of an instance G as |V| + |E|, as usual. O

For A, we have the following result.

Proposition 2.2 ISAT(A) is NP-complete.
Proof: See Vilain et al [1989]. O
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The following auxiliary concept shall be needed.

Definition 2.3 (“satisfied as”) Let Z = (V,E) be an instance of the
satisfiability problem, M a model for Z, (I;,r,I5) € E, and ' C r. Then r
is said to be satisfied as v’ in M iff I;r'I5 is satisfied in M. O

Example 2.4 Let I;, I be interval variables related by I (< =)I5, and M
a model where Iy is interpreted as [1,2] and I as [3,4]. Then in M, (< >)
is satisfied as (<), but also as (< >). O

3 The ORD-Horn Subclass

Nebel and Biirckert [1995] identify a subclass of the interval algebra, having
the property that it is a maximal subclass containing all the basic interval
relations, for which satisfiability can be solved using a polynomial-time al-
gorithm, and is in fact the unique such maximal class'. This algebra, the
ORD-Horn algebra, contains 868 relations, and thus covers slightly more
than 10 percent of A.

One of the main tools for analysing the ORD-Horn subclass is a closure
operation on subclasses of the algebra, which preserves tractability.

Definition 3.1 (Closure) Let S C .A. Then we denote by S the closure
of S under converse, intersection and composition, i.e. the least subalgebra
containing S closed under the three operations. O

The key for extrapolating intractability results is the following.

Proposition 3.2 Let S C A. Then ISAT(S) is polynomial iff ISAT(S) is,

and ISAT(S) is NP-complete iff ISAT(S) is.
Proof: See Nebel and Biirckert [1995]. O

4 Acyclic and DAG-satisfying Relations

This section introduces some auxiliary notions and results needed for defining
the new algebras, and proving their properties. In the rest of this paper, we
let G' denote an instance of ISAT(X) instance for some X C A.

'The uniqueness is proved under the assumption that the subclass must contain the
empty relation ( ) and the full relation (= <> dd” 00~ mm~ ss™ ff7).
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Definition 4.1 (Acyclic relation) A relation r is said to be an acyclic
relation iff for every G and every cycle C in G such that every arc in C is
labelled with r, C is never satisfiable. O

Example 4.2 < is an acyclic relation, and so is (< m). O

Corollary 4.3 Let r be an acyclic relation. Then every relation r’' C r is
acyclic.

Proof: Since taking subsets of r constrains satisfiability further, the result
follows. O

Corollary 4.4 Let r be an acyclic relation, and A such that A C {r'|r' C r}.
Then, for every G and every cycle C in G such that every arc in C' is labelled
by some relation in A, C' is unsatisfiable.

Proof: Same argument as in Corollary 4.3. O

Definition 4.5 (Maximal acyclic relation) An acyclic relation r for
which there is no acyclic relation ' O r, is said to be a mazimal acyclic
relation. O

In Proposition 4.8, we shall list all possible maximal acyclic relations.

Proposition 4.6 Let r» be an acyclic relation, and A, A’ sets such that
ACH{r')r! Cr}, and A'={aU(=)la € A} U{(=)}. Then, every cycle C
labelled by relations in AU A’ is satisfiable iff it contains only relations from
A’, and, furthermore, in every model of C all relations in the cycle have to
be satisfied as =.

Proof:

=) Suppose that a cycle C' is satisfiable, and that it contains some relation
from A. Induction on the number n of arcs in the cycle. For n = 1, we
get a contradiction by the assumption. So, suppose for the induction that
C contains n + 1 arcs. Let M be a model for the relations in C. It cannot
hold that every relation in C' is satisfied in M as some relation in A4, by
Corollary 4.4. Thus, some relation r' in C has to be satisfied as =. But then
we can collapse the two interval variables connected by r’ to one interval
variable, and we have a cycle of size n containing a relation from A. This
contradicts the induction hyphothesis.

<) Suppose that a cycle C contains only relations in A’. Then C can be
satisfied by choosing = on every arc, thus forcing the satisfying intervals to
be identical. O
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An example is in order.

Example 4.7 Let r = (< m) (which is easily verified to be acyclic),
A = {(x m),(<),()}, and thus A" = {(= < m),(= <),(=)}. Now
take a cycle I1(< m)Ix(= <)I3(= < m)I;. It is clear that this cycle is
unsatisfiable, since it contains one relation which is not in A’. The cycle
Ii(= < m)Ix(=)I3(= <)I is clearly satisfiable taking = on each arc, but is
not satisfiable in any other way, by the result. O

Next, we find all possible acyclic relations. The second part of the result,
that there are no other maximal acyclic relations, is not used in any of the
later results of the paper. However, it is important to know that there is no
need to search for more maximal acyclic relations in future research.

Proposition 4.8 The only maximal acyclic relations in A are

(x d7omsf”), (X d7oms~ ),
(< domsf), (X< domsf~),

and their respective converses.

Proof: Obviously, a maximal acyclic relation cannot contain both a basic
relation and its converse, and thus cannot contain =. One consequence of
this is that a maximal acyclic relation cannot contain more than six basic
relations. So, if the above relations are shown to be acyclic, then they are
also maximal.

Now, consider Table 2, which extracts from Table 1 how the basic re-
lations (except for =) relate the ending points of intervals. The table is to
be read as follows. Suppose that the intervals ¢; and i, are related by some
basic relation b, i.e. i1(b)i2, and consider the [ row entry for b.

e Ifit is +, then the starting point of 72 must be strictly after the starting
point of 4q

e Ifit is — then the starting point of i must be strictly before the starting
point of 41

e If it is =, then the starting points of ¢; and iy have to coincide.

Similarly, the r row states the same information for the ending points.
Now consider the [ row. If we choose a relation r' to contain exactly
the basic relations which have a + there, we know that r’ will be an acyclic
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relation, because if in a cycle, the left ending points of the intervals have
to increase at every arc, it cannot be satisfied. In addition to those basic
relations in 7/, we can include in r' one basic relation ¥’ which has an =
in the [ row, yielding the relation 7", since then, a cycle labelled by 7" on
every arc has to be satisfied as b’ on every arc (otherwise, we would get a
contradiction, by strictly increasing starting point values). But since neither
of s and s has an = in their r row, this is impossible. This gives us two
choices of acyclic relations, which are the two first ones listed.

Symmetrically, by inspecting the r row, we see that we get the next two
relations listed. Finally, by taking the — entries instead of the + entries, we
get the converse relations of the listed ones.

It remains to prove that these are the only maximal acyclic relations. So,
suppose that some acyclic relation e is not a subset of (or equal to) any of the
relations in the statement of the proposition. First, note that e cannot be
a basic relation, since every basic acyclic relation is included in some of the
listed relations. Thus, e has to contain at least two distinct basic relations
by and by. Without loss of generality (using Corollary 4.3), we have that
€ = (b1 bg).

By the choice of the listed relations, b; and bs must have opposite signs
either in their [ or » rows (or both). Suppose that b; and bs do not have
opposite signs in their [ row, i.e. that either they have the same sign, or at
least one of them has an =. If both of them have an =, they have to be s
and s, which is impossible. If they have the same sign, which is not =,
then they are included in one of the listed relations, by definition. If at least
one of them, say by, has = there, i.e. by is either s or s, we see that for any
basic acyclic relation ¢, ¢ and b; occur together in some of the listed relations
(or their converses), and in particular, this holds when ¢ is bs. Thus b; and
bs have to have opposite signs in the [ row. Symmetrically, by and by must
have opposite signs also in the r row.

Now, the only remaining choice of b; and by, for which the signs of the [
and r rows do not coincide, is for the basic intervals d and d™~. But trivially,
these cannot together be part of any acyclic relation, and thus b; and by
have to be chosen such without loss of generality, by has + in both its [ and
r rows, and similarly for by, — in both its [ and r rows. Obviously, also every
choice when b1 and by are converses is impossible.

This leaves us with six relations to check: (= m), (0~ m) and (< o™)
and their converses, and it is enough to check the first three due to symmetry.
Now, it is easy to construct satisfiable cycles using relations containing either
of these relations. O
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m| m~ |<|>]|o0o]|0o~
+| - |+ -+ -
ri+| — |+|-|+]| -
d|{d~|f|[f7]|s s~
-+ = +|==
ri+| —|=|=|+] -

Table 2: The effect of relations on interval endpoints.

Definition 4.9 (DAG-satisfying relation) A basic relation b is said
to be DAG-satisfying iff any DAG (directed acyclic graph) labelled only by
relations containing b is satisfiable. O

Now, we shall classify the DAG-satisfying relations, after an auxiliary defi-
nition.

Definition 4.10 (Source) Let G be a DAG. Then a node v in G is said
to be a source iff there are no arcs which end inv. O

Proposition 4.11 The basic relations <, d, o, f, s and =, and their respec-
tive converses, are DAG-satisfying.

Proof: We show that any DAG labelled only by relations containing a fixed
basic relation b, when b is one of the above relations, is satisfiable with some
model M. Indeed, we prove the stronger result? that we can choose the
satisfying M such that

e when b is d or o, all intervals overlap at some open interval
e when b is f, every interval has the same right ending point
e when b is s, every interval has the same left ending point

e when b is =, all intervals are identical.

The result for the converse relations follows by an analogous construction.
Induction on the number of nodes in the DAG G. The case when n = 0
is trivial. Suppose that G has n+1 elements, and remove a source g from G.

*When b is <, we need not strengthen the result.
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By induction, the remaining graph G’ is satisfiable by a model M satisfying
the required condition for the relation b. We shall now construct a model M’
of G, which agrees with M on every interval variable in G'. The satisfying
interval, denoted s, for the remaining interval variable represented by the
node g, is chosen as follows, depending on b and M. Note that M satisfies
the above conditions.

e When b is <, choose s to be any interval strictly before every interval
in M

e When b is d, choose s to be an interval which is within the common
open interval of the intervals in M

e When b is o, choose s to have its left ending point to the left of every
interval in M, and its right ending point to be in the middle of the
common interval of the intervals in M

e When b is f, choose s to have the same right ending point as the
intervals in M, and the left ending point to be in the middle of the
interval in M which has the rightmost left ending point

e When b is s, choose s to have the same left ending point as the intervals
in M, and the right ending point to be in the middle of the interval in
M which has the leftmost right ending point

e When b is =, choose s to be identical to the intervals in M.

Obviously, M' is a model of G satisfying the requirements. O
We may note that m is not DAG-satisfying: take interval variables Iy, I

and I3 related by I (m)Iy, Iy(m)I5 and I1(m)I3. This is a DAG which is not
satisfiable.

5 Tractable Algebras

Now we define the algebras which are to be analysed®.

3This definition differs slightly from that of [Drakengren and Jonsson, 1996], but is
easily verified (using Nebel and Biirckert’s software [1993]) to result in the same maximal
tractable algebras.
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Definition 5.1 (The subclasses A(r,b)) Let bbe a DAG-satisfying basic
relation and r an acyclic relation containing b. First define the subclasses
Ay (b), Az(r,b) and As(r,b) by

Ar(b) = {#' U (b b)) € A,

As(r,b) = {r' U (b)|' C r}
and

A3(r,b) = {r' U (S)Ir' € Aa(r,0)} U{(=)}-
Then set

B = A(b) U Ay(r, b) U As(r, b)
and finally define the subclass A(r,b) by

A(r,b) = BU{z>~|z € BYU{()}.

|

Corollary 5.2 Let r be an acyclic relation, ' C r, and b be some DAG-
satisfying basic relation. Then A(r',b) C A(r,b).
Proof: By the construction of A(r,b). O

Thus, by Corollary 5.2 and Corollary 4.3, it is sufficient to use maximal
acyclic relations when constructing the algebras A(r,b).

Now, using Proposition 4.8 we can construct twenty A(r,b), by choosing
r to be one of the maximal acyclic relations above, and choosing b to be an
element in the chosen r except for m or m~. The reason why we get only
twenty combinations (and not forty) is that the algebras are closed under
the converse operation. Note that this exhausts the choices of parameters in
A(+,+), by Corollary 5.2 and Proposition 4.8.

We now prepare for an explicit listing of the algebras.

Proposition 5.3 Let » be maximal acyclic, b € r and b € {m,m~}. Then
A(r,b) is the set of all 7’ € A satisfying one of the following inclusions:

bb~) C 7

(b) cC r C (=)Ur

b7) C r C (=)ur~”
r C ().



69

Proof: An easy comparison with the definitions. O

Using this, we can list the algebras in a reasonably compact way. See the
appendix for a complete listing of them all.

Proposition 5.4 Each of the A(r,b) sets are algebras containing 2178 ele-
ments, and each contains exacly three basic relations, namely =, b and b™".
Furthermore, all of these twenty algebras are distinct.

Proof: That the sets are algebras (i.e. closed under converse, intersection
and composition) is verified by running the utility aclose by Nebel and
Biirckert [1993]. The sizes of the algebras, distinctness, and what basic
relations are included, can easily be obtained from the explicit listings above.
O

We have four algebras A(r, <), all containing the relations (=), (<), (<X =),
(=), (= =) and (< >), expressing the notion of sequentiality, which is useful
for solving reasoning problems under the assumption that actions always
occur in sequence [Sandewall, 1994]. Note that the ORD-Horn algebra does
not contain the relation (< >), and thus cannot express sequentiality.

We now state the algorithm which we shall show in Theorem 5.9 solves
satisfiability for these algebras, after a short definition.

Definition 5.5 (Strong component) A subgraph C of a graph G is said
to be a strong component of G iff it is maximal such that for any nodes a, b
in C, there is always a path in G from a to b. O

In fact, this algorithm is very similar to that of van Beek [1992], improved

and used by Gerevini et al. [1993], but here used on intervals instead of

points. In Section 6, we will show how the algorithm runs on an example.
We now state a simple result which holds for directed graphs in general.

Proposition 5.7 Let G be loop-free* with an acyclic subgraph D. Then
those arcs of G which are not in D can be reoriented so that the resulting
graph is acyclic.

Proof: Induction over the number n of nodes in G that are not in D. For
n = 0, the result is trivial. So, suppose that there are n + 1 nodes in G that
are not in D, and remove an arbitrary node v of these, resulting in the graph
G'. By induction, the arcs of G’ can be reoriented to form a DAG G"”. Now

“A graph is said to be loop-free if it has no arcs from a node v to the node v.
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Algorithm 5.6 (ISAT(A(r,b)))

1 Redirect the arcs of G so that all relations
are in A;(b) U Aa(r,b) U As(r,b)
2 Let G’ be the graph obtained from G' by removing arcs which are not
labelled by some relation in As(r, b) U As(r,b)
Find all strong components C in G’
for every arc e in G whose relation
does not contain =
if e connects two nodes in some C then
reject
endif
endfor
accept

= W

© 0 N O Ot

add the node v to G” obtaining G"’, and reorient any arcs between G” and
v (in either direction) towards v. Since the graph is loop-free, no cycles are
added by this operation, so G" is acyclic. O

We now specialise this result.

Corollary 5.8 Let G be loop-free with an acyclic subgraph D, b a DAG-
satisfying basic relation, and let the arcs of D be labelled by relations con-
taining b, and the arcs not in D be labelled by relations containing both b
and b~. Then G is satisfiable.

Proof: Reorient the arcs of G like in Proposition 5.7, yielding a DAG G'.
In this construction, whenever an arc is reoriented, also invert the relation
on that arc, so that G’ is satisfiable iff G is. By the construction, only arcs
containing both b and b~ have been reoriented, so every arc in the DAG
G’ contains b and, thus, since b is DAG-satisfying, G’ is satisfiable, and
consequently, also G is satisfiable. O

Theorem 5.9 Algorithm 5.6 correctly solves satisfiability for A(r,b).
Proof: First, note that line 1 does not change satisfiability of G and can
always be done according to the definition of A(r,b).
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Suppose that the algorithm rejects. Then there is an arc e not containing
= that connects two nodes within a strong component C' in G’. Suppose that
e € As(r,b). Then there is a cycle of relations in Ay (r, b)UA3(r, b) containing
e, and by Proposition 4.6, since e does not contain =, C is unsatisfiable.
Thus, suppose that e & Ay(r,b) and that C' does not contain any relation
from As(r,b). Then by Proposition 4.6 all relations in C have to be satisfied
as =. But since e does not contain =, unsatisfiability results.

Now suppose that the algorithm accepts. Thus every strong component
C can be collapsed to one interval, removing all arcs which would start and
end in the collapsed interval, retaining the same condition for satisfiability,
using the same argument as above. After the collapsing, the subgraph ob-
tained by considering only arcs labelled by relations in Ay (r,b) U As(r,b) will
be acyclic. Since by construction every relation in As(r,b)U A3(r,b) contains
the relation b, and the remaining arcs are labelled by relations containing
both b and b, the graph is satisfiable by Corollary 5.8 (note that the graph
will be loop-free, since every node is contained in some strong component).
O

Theorem 5.10 Algorithm 5.6 runs in linear time in the size of G.

Proof: Line 1 is easily done in linear time. Strong components can be found
in linear time (see e.g. Baase [1988]). Also the final test can be done in linear
time. O

Corollary 5.11 Satisfiability of A(r,b) is solvable in linear time.
Proof: From Theorem 5.9 and Theorem 5.10. O

Next, for the maximality results.

Proposition 5.12 The eight algebras A(r,b) which have b € {f,s} are max-
imal tractable algebras.

Proof: By running the utility atry [Nebel and Biirckert, 1993], which gen-
erates minimal extensions of subclasses by adding a relation and computing
the closure of that class. For these algebras, no nontrivial extensions were
found (i.e. every extension results in 4), and since ISAT(A) is NP-complete
by Proposition 2.2, the result follows by Proposition 3.2. O

The remaining algebras are not maximal, as shown by Drakengren and
Jonsson [1997a], where each is extended with 134 elements with retained
tractability. However, the present algorithm has a lower asymptotic com-
plexity than the one that is needed for the extended algebras.
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Finally, we cover a case which is related to the A(-,+) algebras, but occurs
when every relation contains =.

Definition 5.13 (The algebra A=) Define the algebra A= to contain
every relation that contains =, and the empty relation ( ). It is easy to see
that A= contains 4097 elements. O

For this algebra, we have the following trivial algorithm.

Algorithm 5.14 (Satisfiability in A=)

if some arc is labelled by ( ) then
reject

else
accept

endif

CU i W N =

Proposition 5.15 Algorithm 5.14 correctly solves satisfiability in A= in
linear time. Furthermore, it is a maximal tractable subclass of A.

Proof: Correctness and complexity results are trivial. The maximality fol-
lows by running the utility atry [Nebel and Biirckert, 1993], which generates
no nontrivial extensions of the algebra. O

The algebra A— certainly raises doubts about whether the size of a subal-
gebra can be used to judge its usefulness, since its expressivity is obviously
too weak to be of any use.

6 Example

In this section we show how to model an industrially-inspired problem using
one of the algebras, and exemplify how the algorithm runs on this problem.
Consider the following fragment of a chemical process. First denote
different chemical substances by letters u,v,...,z possibly with primes on
them. Then we have seven subprocesses Py, ..., Pr, operating as follows.
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P; melts z, producing =/,

P, melts y and adds ', producing ¢/,

P; melts z, producing 2/,

Py heats y', producing y”,

Ps mixes ', y”, 2’ and w', producing z",
Ps pulverises u, producing »', and

P; cools w, and v’ is added, producing w'.

Initially, all “unprimed” chemicals are available, whereas the “primed” ones
are to be produced. The process itself, together with its controllers, impose
the following ordering restrictions. The processes P4, ..., P5 are to be sched-
uled in sequence, Ps necessarily finishing the sequence. Furthermore P, has
to be scheduled strictly before P,. Ps must be completed before or just when
P, starts, and Pr is to take place either before or during the execution of
P,. The reason for this is that P, is a power-intensive process which causes
transients in the power supply for process P; just when Py is started, and
since temperature is critical during this cooling process, this cannot be al-
lowed. Furthermore, Ps has to start before P; starts, and Pg must not finish
before Pg starts.

In order to optimise the ordering of processes in context with the rest
of the production (which is not included here), we would like to allow any
ordering consistent with the above constraints. However, the last require-
ment of Py not fininshing before Py starts, is not supported by the existing
controllers so we would like to verify that this always holds, given all the
other constraints, since otherwise, we would need to upgrade the controller.

The example is formalised by letting processes P; represent interval vari-
ables. We obtain the following Allen relations.

P (x>) P, P (<x>) B
P (x»=) Py, P, (x») P
P, (x%) P, Py (<x>) Py
P, (X)) Py, P (X)) Psforalli#5,
Ps (xm) P, P (<xd) P

The condition we would like to verify, is that the constraint
Pﬁ (O m)P7

is satisfied in every model. Note that this is equivalent to checking the
unsatisfiability of the above constraints together with the constraint

Ps(==<> dd7 0o " m~ss~ f{7)Py,
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(<)

—— (< =) (< = (< -)—

P P, U Py
oy

(< m) (<) (< d)

(= < > d di oi missiffi)

Figure 1: The network describing the constraints on the process.

the complement of the relation (o m), and that all constraints in that network
are included in e.g. the tractable algebra A(ms, <) of Proposition 1.1.

We can now show how Algorithm 5.6 performs on this set of constraints
(depicted in Figure 1). First, all arcs are already contained in the set

A1(<) U Az(m3, <) U Az(ms3, <),

so nothing needs to be done in the first step. For the second step, the graph
G’ can be represented by the following set of relations.

Py (%) Py, P (< m) P,
P, (xd) Py, P (<) Psforalli#5.

For the third step, we find all strong components in this graph. It is easy
to see that there are no cycles in G’, so the set of strong components will
be identical to the set of nodes in the graph. Next, we need to check if
some relation in the original set of constraints connects two nodes in some
component, that is, it is a loop, in this case. Obviously, there are no such
loops here. Thus, the algorithm accepts, and by correctness, the constraints
are satisfiable, and we have no guarantee that our requirement on the process
always holds. Consequently, the controller had better be upgraded.
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7 The Applicability of Path Consistency

The first attempts at reasoning in Allen’s algebra used the path consistency
algorithm [Montanari, 1974; Mackworth, 1977]; in particular, Allen used
such an algorithm [Allen, 1983] as a sound method for checking consistency
of interval networks. Also, a recent attempt by Ladkin and Reinefeld [1992]
uses the path consistency algorithm as a subroutine in a backtracking search
algorithm for reasoning in the full algebra. At each branching step, the
algorithm splits disjunctive relations into relations from some algebra for
which the path consistency algorithm is complete, thus reducing its branch-
ing factor depending on the size of the algebra used. Nebel [1996] proved
this method to be correct, and evaluated its efficiency using the ORD-Horn
algebra [Nebel and Biirckert, 1995], for which the path consistency algorithm
is complete.

In order to make the algebras of this paper useful in such contexts, we
prove that the path consistency algorithm is complete for them all. Note,
however, that this does not represent an improvement wrt. complexity when
using the algebras separately, since path-consistency algorithms typically
require at least O(n®) time [Vilain et al., 1989] where n is the number of
interval variables, to be compared to the result of Theorem 5.10, which
represents a better running time in the general case.

Definition 7.1 (Path consistent network) Let V = {v1,...,v,} be
interval variables, and R = {r;;|1 < i,j7 < m} Allen relations, where r;;
holds between v; and v;. Then the network G = (V, R) is said to be path
consistent iff for all v;, v; and vy, it holds that v; ov; D vy, O

Definition 7.2 (Path consistency algorithm) Let V = {v1,...,v,} be
interval variables, and R = {r;;|1 < ¢,j < m} Allen relations, where r;; holds
between v; and v;. The path consistency algorithm essentially computes

rij < Tij 0 (Tik © Tij)

for all 4, j, k until no more changes occur®. O

The algorithm can be implemented in a variety of ways, but they are all
equivalent to the above definition in terms of input-output behaviour.

®The « represents assignment of r;;.
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Corollary 7.3 Let V = {vy,...,vp} be interval variables, and
R ={r;|l <i,j <m}

a set of Allen relations, where r;; is the relation between v; and v;. Then
the result of the path consistency algorithm running on (V, R) is path con-
sistent.

Proof: By Definition 7.1 and Definition 7.2. O

Definition 7.4 (Deciding satisfiability) We say that the path consis-
tency algorithm decides satisfiability for a subclass A of Allen’s algebra iff
for any network G = (V, R) of relations from A, if the path consistency al-
gorithm on G is run on G producing the network G', then G is satisfiable iff
G’ does not contain the relation ( ). O

Corollary 7.5 The path consistency algorithm decides satisfiability for a
subalgebra A of Allen’s algebra iff every path consistent network of relations
from A not containing ( ) is satisfiable.

Proof: Let G = (V, R) be a network of relations from A, and run the path
consistency algorithm on G, producing the network G'. Since A is an algebra,
G', too, contains only relations from A, by the operation of the algorithm.
Now, if G is satisfiable, G’ cannot contain ( ), since the algorithm only makes
implicit relations explicit (i.e. it is sound). If G' does not contain ( ), then
G’ is satisfiable by the condition, and since G’ is more constrained than G,
G is also satisfiable. O

We start by a trivial observation.

Proposition 7.6 The path consistency algorithm decides satisfiability for
AE-

Proof: If a path consistent network with relations from A= does not contain
(), then it is satisfiable by setting all intervals equal. The result follows by
Corollary 7.5. O

In order to show the result for the remaining algebras, we first need the
following lemmata.

Lemma 7.7 Let G = (V, R) be a path consistent network. Then G cannot
contain a cycle S with relations only from the set A = As(r,b) U As(r,b),
and at least one relation e from Ay(r,b).
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Proof: Without loss of generality, suppose that r is one of the four explic-
itly stated maximal acyclic relations of Proposition 4.8 (i.e. exclude their
converses), and assume that such a cycle S exists. Let the interval variables
in S be s1,89,...,5, with relations named s;r;js; for 1 <4,j < n. By the
construction of A, we have one of the following cases:

1. For any r € A, if IrJ holds in some model M, then I~ < J—, and if
IeJ holds in some model M, then I~ < J~ holds in M.

2. For any r € A, if IrJ holds in some model M, then I* < J¥, and if
IeJ holds in some model M, then I < J* holds in M.

By symmetry, it is enough to prove the result for the first case.

From path consistency, we get that for any 1 < i < k < j < n, r; C
rik o Tj. It is easy to see that by property 1 above, if r,7' € A and if Iror'J
holds in some model M, then I~ < J~ holds in M, and further, by a simple
induction and the path consistency property, that for any 1 < ¢ < 5 < n,
if s;7;75; holds in some model M, then s; < i holds in M. Suppose, by
renumbering the cycle nodes, that e = r,;. Thus by property 1 it has to hold
that s, < s; in any model of G. But by the above we have that s <s,,
which is a contradiction. O

Lemma 7.8 Let G = (V, R) be a path consistent network. Then G cannot
contain a cycle S with relations only from the set A = As(r,b), where two
nodes in S are connected by some relation e not containing (=).

Proof: Without loss of generality, suppose that r is one of the four explic-
itly stated maximal acyclic relations of Proposition 4.8 (i.e. exclude their
converses), and assume that such a cycle S exists. Let the interval variables
in S be s1,82,...,5, with relations named s;r;js; for 1 < 4,5 < n. By the
construction of A, we have one of the following cases:

1. For any r € A, if IrJ holds in some model M, then I~ < J~ and
I™ > J*, and if TeJ holds in some model M, then I and J are not
identical in M.

2. For any r € A, if IrJ holds in some model M, then IT < J* and
I~ > J7, and if TeJ holds in some model M, then I and J are not
identical in M.

By symmetry, it is enough to prove the result for the first case.
From path consistency, we get that for any 1 < i < k < j < n, r; C
Tik © Tkj. It is easy to see that by property 1 above, if r,r’ € A and if
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Ir o 7'J holds in some model M, then I~ < J~ and IT > J* hold in M,
and further, by a simple induction and the path consistency property, that
for any 1 < 4,5 < n, if s;7;;5; holds in some model M, then s; < i and
s;'r > s;-" hold in M. But this implies that r;; C (=) for every relation r;;
in the cycle. Let the relation e connect nodes a and b. Now, since e does
not contain =, r;; = () by path consistency, contradicting the existence of
a cycle with the required properties. O

The main result of the section is proved next.

Theorem 7.9 Let A = A(r,b) be one of the algebras from Definition 5.1.
Then the path consistency algorithm decides consistency for A.

Proof: Again, we use Corollary 7.5, so suppose that G = (V, R) is a path-
consistent network of relations from A, not containing ( ), and that G is not
satisfiable. Without loss of generality, assume that G only contains relations
from A(b)UAs(r,b)UAs(r,b), and consider the graph G, obtained from G by
removing arcs which are not labelled by some relation in Ay(r,b) U A3(r,b).
By the correctness of Algorithm 5.6, there exists a strong component C' of
G’ and an arc e of G not containing = such that e connects two nodes
in C. Suppose that e € As(r,b). Then there is a cycle S of relations in
Ay (r,b) U A3(r,b) containing e, which is unsatisfiable. But this is impossible
by Lemma 7.7. Thus, suppose that e ¢ As(r,b) and that C' does not contain
any relation from As(r,b). Then there is a cycle S of relations in Ag(r,b)
where two nodes are connected by e. But this is impossible by Lemma 7.8.
The result follows by Corollary 7.5. O

8 Discussion

Nebel and Biirckert [1995] argue that the ORD-Horn algebra is an improve-
ment in quantitative terms over previous approaches, since it covers more
than 10 percent of the full algebra. Certainly this is a valid argument only
because the ORD-Horn algebra includes the previous algebras; otherwise we
have a counterexample in the A— algebra, which is much larger than the
ORD-Horn algebra, but is clearly of no use. We may mention that the 21 al-
gebras of this paper together cover about 92 percent of A, and that there are
only two relations in the ORD-Horn algebra which are not elements of any
of the algebras: (m) and (m™~). From a cognitive perspective, the exclusion
of these relations is not a serious restriction, as Freksa [1992] notes, since
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they are not likely to occur in any context reasoning about, for instance,
perception of the physical world.

It is also argued by Nebel and Biirckert [1995] that a useful algebra should
contain all the basic relations, since otherwise, complete knowledge cannot
be specified. However, since the unique maximality of the ORD-Horn class
shows that there exists no tractable subalgebra which contains both all the
basic relations and the relations expressing sequentiality (notably the (< >)
relation), this argument fails. Furthermore, four of our algebras can indeed
express this sequentiality requirement, which underlies many systems (see
e.g. [Sandewall, 1994]).

Given four such algebras, a justified question is whether these are just
four out of, for example, four hundred such tractable classes, that is, what
makes these algebras relevant? Fortunately, recent research [Drakengren
and Jonsson, 1997b] has shown that the two maximal tractable extensions
of these four algebras found by Drakengren and Jonsson [1997a] are the only
maximal tractable algebras capable of expressing sequentiality. Similarly,
in the point-interval algebra, we have only five maximal tractable subclasses
[Jonsson et al., 1996] indicating that maximal tractable algebras are typically
scarce.

Also, as a long-term goal, it would be useful to classify all maximal
tractable subalgebras of the full algebra, since then an application using
networks of interval relations could search for the best algebra to use, or
otherwise report that no such algebra exists. Since there are 28192 subsets of
the full algebra, the task is clearly nontrivial, even using computer-supported
proof methods. Our work with Béickstrom on the point-interval algebra
[Jonsson et al., 1996] and our recent partial classification of the Allen algebra
[Drakengren and Jonsson, 1997b] show that a complete classification might
not be out of reach.

Recently, a proof method for the Allen algebra has been presented by
Ligozat [1996], which was applied to find a new tractability proof for sat-
isfiability in the ORD-Horn algebra. Even though the method seems to be
quite general, it is not applicable to the algebras of this paper, since the
convezity properties which are crucial are not satisfied, notably by relations
like (< >).

Finally, it is interesting to note that although we have an algorithm
for satisfiability of all the algebras, we cannot automatically conclude that
the problem of entailment, which is that of deciding what relation is induced
between two intervals, is solved: in the case when a tractable algebra contains
all of the basic relations, this problem reduces to satisfiability, as shown
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by Golumbic and Shamir [1993], but this is not at all obvious when that
restriction is not satisfied.

9 Conclusions

We have identified 21 new large tractable fragments of Allen’s interval alge-
bra, of which nine have been proved maximal tractable. Further, we have
presented a linear time algorithm for deciding satisfiability of these. In ad-
dition, all the algebras are considerably larger (in quantity) than the ORD-
Horn subalgebra, but thus cannot contain all the basic relations. Also, four
of the algebras can express the relations (=), (<), (< =), (~), (= =) and
(< >) (in addition to the “nonrelation”), which is necessary and sufficient
for expressing the notion of sequentiality. Finally, we showed that the path
consistency algorithm decides satisfiability for all of the algebras.
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Appendix

1 An Explicit Listing of the Algebras

Proposition 1.1 First abbreviate the maximal acyclic relations by

m; = (K d7omsf”)
me = (<X d7oms~ )
mg = (< domsf)

my = (<X domsf),

obtaining the remaining ones by taking the converses of these.
Now A(mq, <) is defined by

(=>) €
(<) Cr C (=<d7omsf)
(>~) Cr C (> do”"m7 s f)
' C(3),
A(m27'<) by
(=) C 7
(<) Cr C (=<xd7oms™ )
(>~) Cr C (> do” m~ sf)
rC(3),
A(?’)’L3,-<) by
(=>) € o
(<) C r C (< domsf)
(>-) Cr C (==d o m7 s f7)
' c (=),
A(m4’<) by
<=) C 1
(<) Cr C (=<domsf)
(-) Cr C (== d 70" m~ s f)
rC(3),
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(ff=) C
(f) Cr C (=»=do " m7 s f)
(f) C 7 C (=<d omsf7)
o (3)
A(mo~,f) by
(ff=) C
(f) Cr C (== do” m7sf)
f7) C r C (=<d7oms™ )
' C (3)
A(m37f) by
(ff=) C
(f) C r C (=< domsf)
() C r C (== d7 0" m7 s )
rc (3)
and finally, A(m4>~",f) by
ff) C
(f) Cr C (=>d 0" m7 s f)
f) C r C (=< domsf™)
(3

The remaining combinations, which are redundant, are obtained by the equa-
tion

A(r,b) = A(r—=,b7).
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Eight Maximal Tractable Subclasses of
Allen’s Algebra with Metric Time

Thomas Drakengren and Peter Jonsson

ABSTRACT

This paper combines two important directions of research in temporal reson-

ing: that of finding maximal tractable subclasses of Allen’s interval algebra,
and that of reasoning with metric temporal information. Eight new max-
imal tractable subclasses of Allen’s interval algebra are presented, some of
them subsuming previously reported tractable algebras. The algebras allow
for metric temporal constraints on interval starting or ending points, us-
ing the recent framework of Horn DLRs. Two of the algebras can express
the notion of sequentiality between intervals, being the first such algebras
admitting both qualitative and metric time.
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1 Introduction

Reasoning about temporal knowledge abounds in artificial intelligence ap-
plications and other areas, such as planning [Allen, 1991], natural language
understanding [Song and Cohen, 1988] and molecular biology [Benzer, 1959;
Golumbic and Shamir, 1993]. However, since even the restricted problem
of reasoning with pure qualitative time in Allen’s interval algebra [Allen,
1983] is NP-complete [Vilain et al., 1989], research has focused on iden-
tifying classes of problems where reasoning is tractable [Drakengren and
Jonsson, 1996; Golumbic and Shamir, 1993; Kautz and Ladkin, 1991;
Nebel and Biirckert, 1995; van Beek and Cohen, 1990; van Beek, 1989;
van Beek, 1992].

Until recently, approaches have mostly been either metric or qualitative,
with a few exceptions [Kautz and Ladkin, 1991; Meiri, 1991; Gerevini et
al., 1993]. However, the approach of Jonsson and Bickstréom [1996] (also
developed independently by Koubarakis, 1996) manages to unify almost ev-
ery approach to tractable reasoning about metric time, qualitative time and
the integrated approaches in one framework, that of Horn disjunctive lin-
ear relations (Horn DLRs), in which the reasoning problem can be solved
in polynomial time. Since its expressiveness in terms of qualitative infor-
mation subsumes that of the maximal tractable! ORD-Horn algebra [Nebel
and Biirckert, 1995], it can be viewed as a maximal tractable subalgebra of
Allen’s interval algebra, provided with metric temporal information.

First, this paper continues the work on finding maximal tractable subal-
gebras of Allen’s algebra started by Nebel and Biirckert [1995] and contin-
ued by Drakengren and Jonsson [1996], by identifying eight more maximal
tractable subclasses of Allen’s algebra. Second, we combine this with the
work of Jonsson and Bickstrom [1996], by providing the maximal algebras
with metric temporal information in the form of Horn DLRs, whose expres-
siveness subsumes that of the ORD-Horn algebra. Further, the maximality
result of these algebras settles the question of maximality of some algebras
in Drakengren and Jonsson [1996], since these are included in the new alge-
bras presented here. Two of the maximal algebras can express the notion of
sequentiality between intervals?, important for example in reasoning about
action [Sandewall, 1994], where actions are typically assumed to occur in se-
quence. To our knowledge, these are the first such algebras in the literature

!That is, it is tractable, and no other tractable algebra strictly contains it.
*That is, they contain the relations (<), (=), (< =), (= <), (= »), (= < =), and the
“unrelated” relation, and can thus express that “two intervals occur in sequence”.
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Basic relation Example ‘ Endpoints
z before y < XXX et <y
y after x - yyy

T meets y m XXXX et =y

y met-by z m~ yyyy

x overlaps y o XXXX T <y <zv,
y overl.-by z o~ yyyy | &t <y*
z during y d XXX x >y,
y includes z d= | yyyyyyy |zt <y”
x starts y S XXX r =y,
ystarted by z s~ | yyyyyyy | 2t <y*
z finishes y f xxx |zt =y,
y finished by z ™~ yYyyyyy | >y

x equals y XXXX T =y,

yyyy |zt =y"

Table 1: The thirteen basic relations. The endpoint relations x=~ < z+ and
y~ <y that are valid for all relations have been omitted.

that are also provided with metric temporal information. By the fact that
we can also relate starting or ending points by Horn DLRs, we have a combi-
nation (with restrictions, of course) of the expressiveness of the ORD-Horn
algebra, and that of sequentiality.

The structure of the paper is as follows. Section 2 introduces Allen’s
interval algebra, Section 3 defines the concepts needed to integrate quali-
tative and metric reasoning, together with the satisfiability algorithm, and
Section 4 presents the new maximal tractable algebras, and how to provide
these with metric temporal information. In Section 5 and Section 6, we prove
that the algorithm is correct and that the algebras are maximal. Finally,
Section 7 and Section 8 discuss and conclude the paper.

2 Allen’s Interval Algebra

Allen’s interval algebra [Allen, 1983] is based on the notion of relations be-
tween pairs of intervals. An interval x is represented as a tuple (z—,z™)
of real numbers with = < z*, denoting the left and right endpoints of
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the interval, respectively, and relations between intervals are composed as
disjunctions of basic interval relations, which are those in Table 1. Such
disjunctions are represented as sets of basic relations, but using a notation
such that, for example, the disjunction of the basic intervals <, m and ™ is
written (< m ). Thus, we have that (< ) C (X m ). Sometimes
the disjunction of all basic relations is written T and the empty relation
is written L (this is also used for relations between interval endpoints, de-
noting “always satisfiable” and “unsatisfiable”, respectively). The algebra
is provided with the operations of converse, intersection and composition
on intervals, but we shall need only the converse operation explicitly. The
converse operation takes an interval relation ¢ to its converse ¢, obtained
by inverting each basic relation in ¢, i.e., exchanging  and y in the endpoint
relations shown in Table 1.

By the fact that there are thirteen basic relations, we get 2!3 = 8192
possible relations between intervals in the full algebra. We denote the set of
all interval relations by A. Subclasses of the full algebra are obtained by con-
sidering subsets of A. There are 28192 ~ 102466 such subclasses. Classes that
are closed under the operations of intersection, converse and composition are
said to be algebras.

Although there are several problems of computation associated with
Allen’s interval algebra, this paper focuses on the problem of satisfiabil-
ity (ISAT) of a set of interval variables with relations between them, i.e.,
deciding whether there exists an assignment of intervals on the real line for
the interval variables, such that all of the relations between the intervals are
satisfied. We define this as follows.

Definition 2.1 (ISAT(Z)) LetZ be a set of interval relations. An instance
of ISAT(Z) is a labelled directed graph S = (V, E), where the nodes in V" are
interval variables and F is a subset of V xZ x V. A labelled edge (u,r,v) € E
means that u and v are related by r.

A function M taking an interval variable v to its interval representation
M(v) = (z ,z") withz ,2" € Rand 2~ < =, is said to be an interpreta-
tion of S.

An instance S = (V,E) is said to be satisfiable iff there exists an in-
terpretation M such that for each (u,r,v) € E, M(u)rM(v) holds, i.e., the
endpoint relations required by r (see Table 1) are satisfied by the assignments
of v and v. Then M is said to be a model of S.

We refer to the size of an instance S as V| + |E|. O

For A, we have the following result.
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Proposition 2.2 ISAT(A) is NP-complete.
Proof: See Vilain et al. [1989]. O

3 Qualitative and Metric Time

We first briefly recapitulate the Horn DLR formalism of Jonsson and Backstrom
[1996].

Definition 3.1 (Linear relation, Disjunctive linear relation) Let
X = {z1,...,z,} be a set of real-valued variables, and «, [ linear poly-
nomials (polynomials of degree one) over X with rational coefficients. A
linear relation over X is a mathematical expression of the form ar3, where
re{<,<,=,%,>,>}. A disjunctive linear relation (DLR) over X is a dis-
junction of one or more linear relations. A DLR is said to be Horn iff at
most one of its disjuncts is not of the form a # (.

The satisfiability problem for finite sets H of Horn DLRs is denoted
HORNDLRSAT(H), checking whether there exists an assignment M of vari-
ables in X to real numbers such that all DLRs in H are satisfied in M. Such
an M is said to be a model of H. O

Example 3.2 x+2y <3z+42.3
is a linear relation,

3
(z 42y <32+42.3)V (z > E)
is a disjunctive linear relation, and
3
1)

is a Horn disjunctive linear relation. O

(x+2y <32+423)V (z #

Proposition 3.3 There is a polynomial-time algorithm for HORNDLRSAT(H).

Proof: See Jonsson and Bickstrom [1996] or Koubarakis [1996]. O

In principle, the framework of DLRs makes it unnecessary to distinguish
between qualitative and metric information. Nevertheless, when it comes to
identifying tractable subclasses, the distinction is still convenient.

The Horn DLR approach subsumes almost all previously known ap-
proaches to tractable metric and qualitative temporal reasoning, e.g. [Nebel
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and Biirckert, 1995; Koubarakis, 1992; Dechter et al., 1991; Meiri, 1991;
Gerevini et al., 1993]. It is worth mentioning that the maximal tractable
algebras found by Drakengren and Jonsson [1996] cannot be expressed as
Horn DLRs.

Although polynomial, the algorithm presented in Jonsson and Backstrom
[1996] is quite expensive (it relies on a linear-programming algorithm) so
when we have no need of specifying metric information, the following well-
known subclass of the set of Horn DLRs will result in a lower-complexity
algorithm.

Definition 3.4 (The point algebra) The point algebra [Vilain, 1982] is
the subclass of Horn DLRs consisting of the set of expressions z Ry, where x
and y are variables, and R is one of the relations <, <, =, #, > and >. O

The satisfiability problem for this subclass is denoted PASAT(H), for a set
H of point algebra formulae.

Proposition 3.5 PASAT(H) is solvable in linear time in the size of H.
Proof: See Gerevini et al. [1993] (for practical purposes the algorithm of
Delgrande and Gupta, 1996, could be preferred). O

Next, we define the problem of interest in this paper — the interval satisfi-
ability problem with metric temporal information.

Definition 3.6 (M-ISAT(Z)) Let (V, E) be an instance of ISAT(Z) and H
a finite set of DLRs over the set {v",v™ | v € V'} of variables, v~ representing
starting points and v* ending points of intervals v.

An instance of the problem of interval satisfiability with metric infor-
mation for a set Z of interval relations, denoted M-ISAT(Z), is a tuple
Q=(V,E,H).

An interpretation M for @ is an interpretation for (V,E). Since we
now need to refer to starting and ending points of intervals, we extend the
notation such that M (v~) obtains the starting point of the interval M (v),
and similarly for M (v™").

An instance @) is said to be satisfiable iff there exists a model M of
(V, E) such that the DLRs in H are satisfied, with values for all v~ and v*
by M(v~) and M(v"), respectively. O

Since every Allen interval relation can be expressed as a DLR (but not
necessarily as a Horn DLR), we could instead have formulated the problem
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as a pure satisfiability problem of a set of DLRs, but since we are interested
in the particular structure imposed on the problem by interval relations
specifically we prefer this formulation.

Several concepts are needed in order to present the starting and ending
point algebras, for which we shall provide polynomial-time algorithms. The
curious reader might temporarily jump to Section 4 for the explicit presen-
tation of the algebras which will be proved to be starting or ending points
algebras.

The following definitions are needed to transfer information from interval
relations to point relations.

Definition 3.7 (sprel(r), eprel(r), sprel™ (r), eprel (r)) Take the relation
r € A, let u and v be interval variables, and consider the instance S of
ISAT({r}) which relates u and v with the relation r only. Define the relation
sprel(r) on real numbers to be the symbol for the implied relation between
the starting points of u and v. That is, for basic relations define

sprel(=
sprel(<

“>”
= (sprel(r))~",

and for disjunctions of basic relations sprel(r) is the relation symbol corre-
sponding to V¢, sprel(b). For example, sprel((< >)) = “#”. Symmetrically,
we define eprel(r) to be the implied relation between ending points given r.
Note that sprel(r) and eprel(r) have to be either of <, <, =, >, >, #, T or
1.

Further, we define specialisations of these, by setting

sprel™(r) = sprel(rN (= f 7))
and
eprel” (r) = eprel(rN (= ss7)),

i.e., the implied relations on starting (ending) points by r, given that the
ending (starting) points are known to be equal. O
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Definition 3.8 (Explicit starting (ending) point relations) LetZ C
A, Q@ = (V,E,H) an instance of M-ISAT(Z), and construct the instance
Q' = (V,E, H') of M-ISAT(T) by setting

H' = H U {u sprel(r)v" | {u,r,v) € E}.

Then Q' is said to be obtained from Q by making starting point relations
explicit. We denote this Q' by expl™ (Q).

Symmetrically, using eprel and ending points instead of sprel and starting
points, Q' is said to be obtained from Q by making ending points explicit,
denoted expl™(Q). O

It is easy to see that only point algebra formulae are added to H.
Transferring information from interval relations to point relations does
not change satisfiability, as expected:

Proposition 3.9 Let Z C A and @ an instance of M-ISAT(Z). Then Q is
satisfiable iff expl™ (Q) is satisfiable iff expl™(Q) is satisfiable.

Proof: By the fact that the added starting and ending point relations are
already guaranteed to hold in any model of Q. O

We jump ahead by presenting a satisfiability algorithm (Algorithm 3.10)
and briefly discuss the intuition behind it in order to indicate what kind
of algebras it works for. This will hopefully make it easier to appreciate
Definition 3.13.

First assume that H only contains Horn DLRs, which only relate starting
points of intervals. Line 1 makes the interval relations explicit as starting
point relations and line 2 checks satisfiability of the resulting set of starting
point relations. Lines 4 to 11 collect in K the relations u~ = v~, such that
in any model these starting points have to be equal. In addition, K forces
all starting points to be distinct, that are not forced to be equal. It is clear
that the equality formulae in K do not affect satisfiability. However, it is
less clear that the disequality formulae in K cannot make the instance Q" =
(V,E,H' U K) unsatisfiable. This fact indeed follows from a property of
Horn DLRs, which is proved in Theorem 5.9. At line 12, we know that there
are no two models for Q”, where for some u,v € V, 4~ = v~ in one model,
and u~ # v~ in the other model. This is the intuition behind Definition 3.11.
Now, line 13 checks for satisfiability of the ending points of those intervals
whose starting points have to be equal in any model. If the algorithm rejects
at line 14, then the instance is obviously not satisfiable. Otherwise we need
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Algorithm 3.10 (M;-ISAT(Z))

input Instance Q@ = (V, E, H)

1 Q =(V,E,H') + expl (Q)
2 if not HORNDLRSAT(H') then
3 reject
4 K+« 0
5 for each (u,7,v) € E
6 if not HORNDLRSAT(H' U {u~ # v~ }) then
7 K+« KUu{u =v"}
8 else
9 K« KU{u #v7}
10 endif
11 endfor
12 P« {uTeprel” (r)v* | (u,r,v) e EAu =v € HUK}
13  if not PASAT(P) then
14 reject
15 accept
O

a condition on the algebra Z, corresponding to Definition 3.13, in order to
guarantee satisfiability.
The formal machinery follows.

Definition 3.11 (Starting (ending) point definite) Let Z C A, and
Q = (V,E, H) an instance of M-ISAT(Z). The instance Q' = (V,E,H U H')
of M-ISAT(Z) is said to be starting point definite wrt. @ iff there exists a
function f : E — {=,#} such that H' = {u™ f(e)v™ | (u,r,v) € E}. We
denote this relation by def ~(Q,Q’). This means that for each relation,
either the starting points of related intervals are forced to be equal in all
models, or they are forced to be distinct in all models. If for some @ we
have def (Q,Q'"), then Q' is said to be starting point definite.

Similarly, by exchanging starting and ending points, we get that Q' is
ending point definite wrt. Q, denoted def " (Q,Q’). O

Line 13 of Algorithm 3.10 checks the following, as we shall see.
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Definition 3.12 (Locally satisfiable for starting (ending) points)
Let Q@ = (V,E, H) be a starting point definite instance of M-ISAT(Z) for
some Z C A, and construct Q' = (V, E', H) such that

E' ={{u,m,v) EE |u~ =v~ € H},

i.e. by considering only relations which force the starting points to be equal.
Now Q is said to be locally satisfiable for starting points iff Q' is satisfiable.
A model satisfying Q' is said to locally satisfy Q for starting points.

Similarly, exchanging starting and ending points, () is said to be locally
satisfiable for ending points iff Q' is satisfiable, and a model satisfying Q' is
said to locally satisfy Q for ending points. O

We now define the algebra for which Algorithm 3.10 solves satisfiability.

Definition 3.13 (Starting (ending) point algebra) A subalgebra Z C
A is said to be a starting point algebra iff for any instance Q@ = (V, E, H)
of M-ISAT(Z), the following holds: for any T = (V,E,H’) such that
def (expl (Q),T), if T is locally satisfiable for starting points, then T is
satisfiable.

Symmetrically, exchanging ending points and starting points, we obtain
an ending point algebra. O

The satisfiability problems for these algebras are defined as follows.

Definition 3.14 (M,-ISAT(Z), M.-ISAT(Z)) Let Z be a starting point
algebra. The satisfiability problem for starting point algebras with metric
information is the set of instances (V, E, H) of M-ISAT(Z) where the DLRs
of H are restricted in two ways: first, H may only contain Horn DLRs and
second, H may not contain any variables v+, where v € V, i.e., it may only
relate starting points of intervals.

Symmetrically, by exchanging starting and ending points, we get the
satisfiability problem for ending point algebras with metric information. O

4 Tractable Algebras

We now present the algebras which are starting (ending) point algebras.

Definition 4.1 (The subclasses S(b) and E(b)) Setrs = (= do~ m™~f),
and 7. = (< d o ms). Note that rs contains all basic relations b such that
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whenever IbJ for interval variables I, J, I~ > J~ has to hold in any model
and symmetrically, 7, is equivalent to I™ < J* holding in any model.

First, for b € {>,d,0~}, define S(b) to be the set of relations r, such
that either of the following holds:

(bb=) C

) € r C rsU(= ss”)

) € r C r"U(=ss7)
r C (= ss7).

Then, by switching starting and ending points of intervals, for b € {<,d, o},
E(b) is defined to be the set of relations r, such that either of the following
holds:

(bb=) C r
() € r C reU(= ff)
b7) € r C re U= 1)

r C (= ff).

a

Definition 4.2 (The subclasses S* and E*) Let r; and 7. be as in
Definition 4.1, and define S* to be the set of relations r, such that either of
the following holds:

(=ff7) C r
ff=) € r C rsUrs~
(=f) C r C rsU(= ss7)
(=f7) C r C ry7U(=ss7)
f) € r C rg
() € r C ry”
(=) € r C (= ssY)
r = 1

Symmetrically, replacing f by s (and their inverses), (= ss~) by (= f f~),
and r; by re, we get the subclass E*. O

Files containing the algebras are supplied as an on-line appendix to this
article.

It is easy to see that the algebras are all considerably larger than, for
example, the ORD-Horn algebra, which contains 868 elements.
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Proposition 4.3 The six algebras S(b) and E(b) contain 2312 elements
each and S* and E* contain 1445 elements each.

Proof: A straightforward combinatorial exercise according to the defini-
tions. O

We also see that the S(b) and E(b) algebras each contain five basic relations,
and that S* and E* contain three basic relations each. A subsumption result
and a nonsubsumption result follow.

Proposition 4.4 The twelve algebras presented by Drakengren and Jons-
son [1996], which were not classified as maximal tractable, are each included
in one of the algebras S(b) and E(b).

Proof: By simply checking inclusion from the definitions. O

Proposition 4.5 In all of the algebras S(b), E(b), S* and E*, there are
relations which are not expressible by Horn DLRs alone.

Proof: It is easily verified that the point relations induced by the Allen
relations (< >), (d d™7), (0 0™), (> f~) and (< s) are not Horn DLRs. O

It was observed by Drakengren and Jonsson [1996] that the ORD-Horn alge-
bra cannot express the notion of sequentiality, and thus since it is maximal
tractable, we cannot add the relation (< >) to it without losing tractability.
However, we can obtain a weaker yet useful result by the following obser-
vation: We know from the results of Jonsson and Bickstrom [1996] that
the expressivity of Horn DLRs subsumes that of the ORD-Horn algebra,
by expressing the ORD-Horn relations as disjunctions of point relations in
the starting and ending points of the intervals. Thus, since the satisfiability
problem for starting point algebras (and ending point algebras, which follows
by symmetry) allow arbitrary Horn DLRs relating starting points, we can
convert any network expressed in the ORD-Horn algebra into an equivalent
instance of M-ISAT(Z) for some of the tractable subclasses above, where
only starting points of intervals are related. The additional expressivity of
the starting point algebras can then be used to express e.g. sequentiality (us-
ing one of the algebras S(>) or E(<)) or other relations between intervals.

Now it is time to verify that the presented algebras are indeed starting
and ending point algebras, respectively. A few auxiliary definitions and
results are needed.

Definition 4.6 (Sign function) For z € R, let sgn(z) € {—1,0,1} be
the sign of x, that is, if z < 0, then sgn(z) = —1, if x = 0 then sgn(z) = 0,
and if z > 0, then sgn(z) =1. O



102

Lemma 4.7 Let Q@ = (V,E,H) be a starting point definite instance of
M,-ISAT(T), which is locally satisfiable for starting points by some model
M, and let M’ be an interpretation for Q such that

e Vo e V.M )= M(v")

e Vu,v e VMu )=MMw ) —
sgn(M(u") — M(v")) = sgn(M'(u®) — M'(v")),

which means that M’ may not differ from M in the interpretation of starting
points, and for ending points, any change is allowed, as long as their relative
order for relations which have the same interpretations of starting points is
the same. Then M’ also locally satisfies Q@ for starting points.

Proof: Apart from checking the DLRs in H, local satisfiability for starting
points checks only relations where the intervals they relate are forced to have
the same starting point. Since H does not relate ending points of intervals,
the only thing that affects satisfiability of these relations is the relative order
of ending points, given a fixed starting point. Since this order is the same,
and M and M’ coincide on starting points, the result follows. O

Lemma 4.8 Let Q@ = (V,E,H) be a starting point definite instance of
M,-ISAT(T), where for no (u,r,v) € E,rN(= ss”)#Dandr—(= ss~) #
(. Then Q is satisfied by the model M iff M locally satisfies @ for starting
points and M satisfies (V, E'), for E' = {{u,r,v) € E | rN(= ss~) = 0}.
Proof:

=) Assuming that M satisfies @, the latter condition is a direct consequence
of the definitions.

<) By the restriction on @, satisfiability of every relation r is checked by
the two conditions together, and the satisfiability of H is included in the
local satisfiability condition. Thus @ is satisfiable. O

Lemma 4.9 Let Q = (V, E, H) be an instance of M-ISAT(T), and let T =
(V,E, H') be such that def ~(Q,T). Construct 7" = (V, E', H') by setting

E' = {{u,rN(= ss7),v) | vy =vy, € H}U
{{u,r = (= ss7),v) | vy #v, € H}
Now T' is satisfiable iff T is. The analogous result holds for ending points,

when references to starting points are changed to ending points, and (=
s s) is changed to (= f ).
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Proof: Directly from the definitions. The restrictions imposed on the qual-
itative relations are already guaranteed to hold in any model, by the restric-
tions on H'. Note that E’ is well-defined since def adds to H either equality
or inequality for all interval starting points.

The property of ending points follows by symmetry. O

Definition 4.10 (Absolute value) For z € R, denote by abs(z) the
absolute value of z, i.e. z - sgn(z). O

The main results follow.

Theorem 4.11 The algebras S(b) are starting point algebras, and the al-
gebras FE(b) are ending point algebras.

Proof: Let @ = (V,E, H) be an instance of M;-ISAT(S(b)), and let T =
(V,E,H') with def ~(ezpl™(Q),T). By Lemma 4.9, we can assume that for
every (u,r,v) € E, either r C (= ss”)orrN(= ss~) =0, since T is
starting point definite. Thus, the only relations r» which are left are those
satisfying

(b bv) C r C rgUrs™
(b) C r C rg
(bv) C r C rg”
r C (= ss7).

So, suppose that T is locally satisfied for starting points by a model M.
Since T has explicit starting points, all relations from line 4 are satisfied in
M. Also, since M imposes a certain order on starting points of intervals, we
know that without loss of generality, relations » on line 1 can be replaced
by either r N rs or 7 N7y, since r; and rs™~ impose disjoint orderings on
starting points. Thus, without loss of generality, we take T only to contain
relations from lines 2 and 4, inverting relations containing line 3 relations
while changing their direction. If we could modify M into an interpretation
M’ such that the conditions of Lemma 4.7 are satisfied, and the relations
of line 2 and their inverses are satisfied, then by Lemma 4.8, since these
relations do not overlap with (= s s~), M’ would be a model of T, and the
result would follow. Indeed, we shall satisfy line 2 relations with the basic
relation b on every arc.

A few auxiliary definitions are needed for the construction. Define MD (M)
to be the least nonzero member of the set {abs(M(u™)—M(v™)) | u,v € V},
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i.e., the least nonzero distance between starting points in M. Givenaw € V,
let EP(w) be the set

{fveV M@ )=Mw )},

i.e., the set of intervals whose order of ending points has to be fixed, to
maintain local satisfiability, by Lemma 4.7. Note that EP(w) is uniquely
determined by M (w™). Also, for a given w, let n, = [{M(v") |v € EP(w)}|
(the number of distinct ending points in M within w’s “group”), and f,, :
EP(w) — {k € N | k < ny} the function uniquely determined by the
ordering on ending points of EP(w) in M, such that for every u,v € EP(w),

sgn(M(u®) — M(v")) = sgn(fu(u) — fu(v)).

Note that for every u,v € EP(w), fu = fo.

Let s = |[{M(v~) | v € V}|, i.e., the number of distinct starting points in
M. Corresponding to f, definei:V — {k € N | k < s} to be the uniquely
determined function such that for every u,v € V,

sgn(M(u™) = M(v™)) = sgn(i(u) — i(w)).

We construct the interpretation M’ as follows, depending on b, and after-
wards prove that it is a model of T'. First, set ¢ = MD(M), and for all
veV,set M'(v™)=M(v™).

e Suppose that b is . For every v € V, set

M'(vt) = M(@™) + 2(1 + fv(v)).

Ny

e Suppose that b is d. For every v € V, set

M'(vt) = M(v™) + 1+ 2¢(s —i(v) — 1) + é(f'jff)

~1).

e Suppose that b is o™, First let w € V be such that i(w) = s — 1, i.e.,
having the largest ending point, set M'(wt) = M(w~) + 1. For every
v eV, set
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Figure 1: An example of the construction for the case when b is > in the
proof of Theorem 4.11.

Now, by construction, the models satisfy b on every arc. Furthermore,
the order of ending points within each EP(v) is retained, and the orderings
on starting points are identical in M and M'. Thus M' locally satisfies T'
for starting points by Lemma, 4.7, and by Lemma 4.8, M’ is a model of 7.

The proof for E(b) is symmetrical. O

Fortunately, the next proof is much more convenient.

Theorem 4.12 The algebra S* is a starting point algebra, and E* is an

ending point algebra.

Proof: We prove only the S* case, since the E* case is symmetrical.
Precisely as in the proof of Theorem 4.11, we obtain an instance T la-

belled only by relations r satisfying

(f fv) C r C rgUrs~
(f) C r C rg
(=) € r C ry~
(=) € r C (=ss7)
r = 1.

First assume that T is locally satisfied for starting points by some model M.
Since M imposes a certain order on starting points of intervals, we know
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that relations r on line 1 now can be assumed to be either rNrs; or rN 7™,
since relations in r; and rs~ impose disjoint orderings on starting points,
as in the proof of Theorem 4.11. Thus, without loss of generality, we take
T to contain only relations from lines 2 and 4, inverting line 3 relations
while changing their direction (relations from line 5 make every instance
unsatisfiable). We shall show that T' is always satisfiable by constructing
a model M’ of T. First set M'(v™) = M(v~) for every v € V. Let z be
maximal such that x = M(v™), i.e., = is the largest starting point in M.
Then set M'(vt) = 2+ 1 for every v € V. Obviously, for u,v € V, whenever
M'(u=) > M'(v™), then u(f)v is satisfied in M’'. For line 4 relations r,
when urv, it has to hold that M'(u~) = M'(v™), and thus by construction
M'(u™) = M'(v"), and r is satisfied. Thus M’ is a model of T' and the result
follows. O

It remains to show that Algorithm 3.10 correctly solves satisfiability for
starting and ending point algebras.

5 Correctness of the Algorithm

Several concepts are needed for the correctness proof.

Definition 5.1 (Convex combination, Convex) Given z,y € R", a
convex combination of z and y is any z € R™ of the form 6z + (1 —0)y, where
0<6<1.

A set S C R" is said to be conwvez iff any convex combination of elements
in S is already in S. O

Definition 5.2 (Hyperplane) A hyperplane in R is a non-empty set
defined as

{z € E" | alz) = b},
for a linear polynomial & in z1,...,z,,and b€ R. O

Definition 5.3 (Almost convex) A set S C R” is said to be almost
convez if for any =,y € S, at most finitely many of the convex combinations
of £ and y are not in S. O

Example 5.4 The set
S :R?’ - {(IL‘,y,Z) | z,Y,2 € Z}

is almost convex. O
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Proposition 5.5 Any intersection of finitely many almost convex sets is
almost convex.

Proof: Let Si,...,S; be almost convex sets and let S = S1N...NS;. Take
z,y € S. Then z,y € §; for every 1 < i < k. Thus finitely many of the
convex combinations of z and y are not in S;. But since we intersect only a
finite number of sets, only finitely many convex combinations are excluded
from S, and the result follows. O

The following is a generalisation of Lemma 13 of Jonsson and Backstrom
[1996] (which is a simplified version of a proof of the same result by Lassez
and McAloon, 1992), from convex to almost convex sets.

Lemma 5.6 Let S C R™ be an almost convex set, and let Hy,...,H}; be
hyperplanes. If S C Ui-“:l H;, then there exists a j, 1 < j < k such that
S C Hj.

Proof: Induction on k, letting H; = Ule H,. For k = 1, the result is
immediate, since #; = H;. Assuming that the result holds for k, we wish
to show that if S C Hg1, then there exists a 7, 1 < j < k + 1 such that
S C Hj. So, suppose S C Hp1, i.e., that S C Hy U Hp . If § C Hy, then
the result follows by induction. Also if § C Hy.1, or if one of Hy or Hy
is included in the other, the result follows. Thus, suppose that =,y € S5,
x € Hy, y € Hy11, satisfying x ¢ Hy 1 and y &€ Hy, which is the remaining
case.

Consider the line segment L adjoining x and y, which is the convex
combinations of x and y. Every hyperplane either contains L or intersects
L in at most one point. If some H; contains L, then z,y € H;, violating
the choice of x and y. Thus L is intersected by hyperplanes H; in at most
finitely many points, and those are the only members of L which can be in
Hpy11. Since S is almost convex, there are infinitely many points of L which
are in S and are not members of any hyperplane H;, contradicting that this
remaining case could hold. The result follows. O

One may note that this result holds even if S satisfies the weaker property
of containing infinitely many convex combinations of each pair of elements,
but then the proof of Proposition 5.5 would not go through.

Lemma 5.7 Let v be a satisfiable Horn DLR, and let
S(v) = {z € R" | v satisfied by z}

be the set of all solutions to y. Then S(v) is almost convex.
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Proof: By the definition of a Horn DLR, for some convex set C' and hyper-
planes H;, we have

k k
S(yy=Cu|JH;=CU|)H.
=1 =1

Take z,y € S(v). If z,y € C, then every convex combination of z and y
is in S(y) by the convexity of C. If y ¢ C (and z is either in C' or not),
then y € H; for some [. Let L be the line segment adjoining  and y. The
hyperplane H; either contains L or intersects L in at most one point. It
cannot contain L, since y ¢ Hj; thus H; intersects L in at most one point,

and the remaining points of L are members of Hj, and thus are members of
S(v). O

Lemma 5.8 Let H be a satisfiable set of Horn DLRs, and let
S(H) = {z € R" | every v € H is satisfied by z}

be the set of all solutions to H. Then S(H) is almost convex.
Proof: Directly from Lemma 5.7 and Proposition 5.5. O

The following is the key result for obtaining correctness of the algorithm.

Theorem 5.9 Let H be a satisfiable set of Horn DLRs, and let 21, 22, ..., T,
be the variables used in H. Also define the set I' of Horn DLRs by

I'={z; # z; | {x; # z;} U H is satisfiable}.

Then H UT is satisfiable.

Proof: Suppose that HUT is not satisfiable, although H is satisfiable. Let S
be the set of solutions of H, as defined in Lemma 5.8. By definition, the set
of solutions to a formula z; # z; € I' is a complement of some hyperplane
H;;. Thus, the set of solutions to H UT' is § — U, ; Hij = 0, equivalent
to S C U, ; Hij. By Lemma 5.8, S is almost convex, and by Lemma 5.6,
S C Hy,; for some hyperplane Hy;. But then S N Hy; = 0, contrary to our
assumption, and the result follows. O

Thus, it is enough to check the formulae in I" separately for satisfiability.
The correctness proof of the algorithm follows.
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Theorem 5.10 Algorithm 3.10 correctly solves satisfiability for starting
point algebras. Symmetrically, by exchanging starting and ending points of
Algorithm 3.10, it correctly solves satisfiability for ending point algebras.
Proof: Suppose that @Q is satisfiable. Then after line 1, Q' is satisfiable,
by Proposition 3.9. Thus we cannot get reject at line 3, since H' has to be
satisfied for Q' to be satisfiable. Consider the value of K at line 12, and
set K' = {u~ # v~ |u # v € K}. By the construction of K in lines
4 — 11, all models of Q' have to satisfy the formulae of K — K’. Further,
using Theorem 5.9 and the construction of K, H' UK’ is also satisfiable, and
thus H' U K is satisfiable. Now, by the construction of K, line 13 only tests
relations which have to hold in any model of (V, E, H' U K), and thus cannot
reject, since then Q' would not be satisfiable. Consequently, the algorithm
accepts.

Suppose that @ is not satisfiable, and that it accepts, meaning that
neither of the tests at lines 2 or 13 succeed. At line 2, Q' is not satisfiable,
by Proposition 3.9. At line 4, H' is satisfiable, and by the construction of
K in lines 4 — 11, we have def " (Q’, (V, E, H' U K)) at line 12. By the same
argument as above, H' U K is satisfiable at line 12, using Theorem 5.9. If
(V,E, H' U K) were locally satisfiable for starting points, then (V, E, H' U K)
would be satisfiable, since Z is a starting point algebra, and thus Q' would be
satisfiable, contrary to our assumption. Thus (V, E, H' U K) is not locally
satisfiable.

Since the algorithm does not reject in line 14, the set

P = {u"eprel” (r)vt | (u,r,v) E EAu” =v~ € H UK}

is satisfiable by some model M. We already know that there exists a model
N for H'UK. We shall construct an interpretation M’ from M and N which
locally satisfies (V, E, H' U K), a contradiction.

Let z be minimal such that for some v € V, z = M(v™"), i.e. the smallest
ending point in M, and let y be maximal such that for some v € V, y =
N(v~), i.e. the largest starting point in N. Now, for every v € V, set
M'(v™) = N(v™) and M'(v") = M(v*t) — z + y + 1. We see that M’
still satisfies P, since the order on ending points is identical in M and M’,
and that it satisfies H' U K, since M and M’ coincide on starting points.
Furthermore, setting

E' ={{u,r,v) € E|u =v € HUK},

(V,E',H' UK) is satisfied in M’, since H' U K and P are, and since by
construction M(v™) < M(v*) is satisfied for every v € V. But this is the
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same as M' locally satisfying (V, E, H' U K), and this contradicts the fact
that the algorithm does not reject. The result follows. O

Theorem 5.11 Algorithm 3.10 runs in polynomial time.

Proof: The transformation in line 1 is clearly polynomial and by Proposi-
tion 3.3, so is line 2. The loop between lines 5 to 11 is executed as many times
as there are arcs in F, and lines 6 to 10 take only polynomial time, thus the
loop takes polynomial time. The final test on line 12 is also polynomial-time
(even linear), by Proposition 3.5, and the result follows. O

Corollary 5.12 M,-ISAT(Z) for starting point algebras, and M,-ISAT(T)
for ending point algebras, is solvable in polynomial time.
Proof: From Theorem 5.10 and Theorem 5.11. O

For instances @ = (V, E, H) where H only contains point algebra formulae,
we can use PASAT instead of HORNDLRSAT in lines 2 and 6, since expl ™ (Q)
adds only point algebra formulae to H and K in Algorithm 3.10 also con-
tains only point algebra formulae. This allows for a much better worst-case
complexity, as we shall see.

Corollary 5.13 If Algorithm 3.10 uses PASAT instead of HORNDLRSAT in
lines 2 and 6, its complexity becomes in O(|E|?).

Proof: The first transformation clearly takes O(|E|) time. The initial and
final tests take O(|E|) time, by Proposition 3.5, and the loop is executed |E]
times, each taking O(|E|) time. Thus, the resulting complexity is O(|E|?).
a

Note that we do not have a proof that these algebras are the only algebras
which are starting or ending point algebras in Allen’s interval algebra. It
seems likely that there should be more algebras with the same structure. One
advantage of the results presented in this paper is that once a starting or
ending point algebra is found (and proved to be one), both a polynomial-time
algorithm for satisfiability and the extension to metric temporal information
are obtained for free.

6 Maximality of Tractable Subclasses

Recently, the search for tractable subalgebras of Allen’s interval algebra has
become more systematic, by focusing on finding tractable algebras that are
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mazimal, in the sense that no algebra strictly containing it is tractable.
The pioneering work by Nebel and Biirckert [1995] was to find a maximal
tractable subclass containing all the thirteen basic relations, the ORD-Horn
algebra, which in addition is the unique maximal algebra containing all the
basic relations. The ORD-Horn algebra contains 868 relations. More re-
cently, Drakengren and Jonsson [1996] have identified nine more maximal
tractable algebras, eight of which are of size 2178, and one of size 4097.
However, the latter is found to be of no use, since any instance of satisfia-
bility for that algebra is always satisfiable, unless it contains the relation 1.
The former algebras each contain three basic relations.

In Proposition 4.4 we saw that the twelve nonmaximal algebras of Drak-
engren and Jonsson [1996] are included in the algebras of the current paper.
However, it remains to check whether they are maximal or not.

One of the main tools for analysing maximal tractability is a closure
operation on subclasses of the algebra, which preserves tractability.

Definition 6.1 (Closure) Let S C .A. Then we denote by S the closure
of S under converse, intersection and composition, i.e., the least subalgebra
(which is uniquely determined) containing S, which is closed under the three
operations. O

The key result for extrapolating tractability results is the following.

Proposition 6.2 Let S C A. Then ISAT(S) is polynomial-time iff ISAT(S)

is, and ISAT(S) is NP-complete iff ISAT(S) is.
Proof: See Nebel and Biirckert [1995]. O

Our main tools for proving intractability are the following NP-complete sub-
algebras of A.

Definition 6.3 (NP-complete algebras N7, N> and A() First let
A={(x d7omf7),(<x doms)},

define
Ni=AU{(dd~ o~ s f)}

and

No=AU{(d" 00~ s~ f7)}.
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Also define
Ag={(=dd oo " mm~ss~ ff7), (<)}

O
Proposition 6.4 ISAT(N7), ISAT(N2) and ISAT (Ag) are all NP-complete.

Proof: For N; and N5, see Nebel and Biirckert [1995], and for Ay, see
Golumbic and Shamir [1993]. O

Next, we prove maximality of the current algebras.

Proposition 6.5 The algebras S(b), E(b), S*, E* are maximal tractable.
Proof: By running the utility atry [Nebel and Biirckert, 1993], which gen-
erates minimal extensions of subclasses by adding a relation and computing
the closure of that class. All extensions of these algebras contain either of the
NP-complete algebras N1, N> or Ay, so the result follows by Proposition 6.2.
a

Briefly, we show that the restriction that we cannot express starting and end-
ing point information at the same time is essential for obtaining tractability,
once we want to go outside the ORD-Horn algebra.

Proposition 6.6 Let S C A such that S is not a subset of the ORD-Horn
algebra, and let SE be the set of instances Q = (V, E, H) of M-ISAT(S),
where H may contain only DLRs vt = v~ for some u,v € V. Then the
satisfiability problem for SE is NP-complete.

Proof: By definition, S has to contain some relation outside the ORD-Horn
algebra. Since the expression 4 = v~ is allowed in H, we can express the
basic relation m, and assume that it is included in S. It is easily verified that
m contains all the basic relations (using e.g. the utility aclose [Nebel and
Biirckert, 1993]), and thus S contains all basic relations. Since any subclass
of Allen’s algebra containing all the basic relations has to be contained in the
ORD-Horn algebra in order to be tractable, and is NP-complete otherwise
[Nebel and Biirckert, 1995], NP-completeness follows. O

Despite this result, it seems possible to express constraints on duration of
intervals, without restricting their absolute position in time, and still obtain
a polynomial-time algorithm, but this is left for future work.
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Now, one might question the relevance of this work on the grounds that
this might be just eight out of thousands (or more) of tractable subalgebras.
That is, we would like to have a result similar to the unique maximality result
of the ORD-Horn class, showing that these algebras are the only algebras
satisfying some specific criterion of relevance. In fact, recent results by the
authors [Drakengren and Jonsson, 1997] state that any tractable subclass
that is not yet known in the literature cannot contain more than three basic
relation including converses (technically, it cannot contain basic relations
other than (=), (b) and (b™) for b € {d,0,s,f}). This means, for instance,
that the two algebras S(>) and E(<) are the only maximal tractable algebras
containing the relation <, and that any yet unpublished tractable subclass
has to be less expressive in terms of the number of basic relations than the
present algebras containing five basic relations.

7 Discussion

It seems appropriate to summarise the status of the search for maximal
tractable subclasses of Allen’s interval algebra: The eight new maximal
tractable subalgebras presented in this paper increase the number of cur-
rently known maximal tractable subclasses to eighteen, including the ORD-
Horn class [Nebel and Biirckert, 1995, and the nine algebras found by Drak-
engren and Jonsson [1996].

One may note that there is a considerable overlap between these, since
the sizes of the algebras are 868 (one), 2178 (eight), 2312 (eight), and 4097
(one), the sum of the sizes being much more than 8192. For instance, we
showed in Drakengren and Jonsson [1996] that the only relations of the
ORD-Horn algebra that is not included in any of the algebras discussed in
that paper are the relations (m) and (m™).

Of course, the ultimate goal is to classify the complete set of maximal
tractable subalgebras, but since there are 28192 subclasses to investigate, this
is clearly a nontrivial task. Recent results on the RCC-5 algebra for spatial
reasoning [Jonsson and Drakengren, 1997] show that brute-force methods
can have success in characterising the complete set of tractable subclasses.
The present problem is harder with several orders of magnitude, however,
since the RCC-5 algebra contains only 232 relations. Nevertheless, it is en-
couraging to note that there are only four maximal tractable subclasses of
the RCC-5 algebra, out of the approximately 4.3 - 10° subclasses. As men-
tioned above, recent results by the authors [Drakengren and Jonsson, 1997
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also provide a partial classification of tractability in Allen’s algebra, using
similar methods.

Concerning metric time, it still remains to provide the nine maximal
tractable algebras of Drakengren and Jonsson [1996] with some kind of metric
temporal information. A simple examination shows that we cannot use the
present technique, since this would make the resulting algebras NP-complete
(just add the qualitative relations induced by relations on starting or ending
points, run aclose [Nebel and Biirckert, 1993], and verify that at least one
of the NP-complete algebras of Proposition 6.4 is included), so for this, some
other kind of expressivity is needed. Searching for other starting or ending
point algebras could also be fruitful. Further, it seems possible that the
techniques presented here can also be used for extending the point-interval
algebra [Vilain, 1982] with metric time.

8 Conclusions

We have found eight new maximal tractable subclasses of Allen’s interval
algebra, and provided them with metric temporal information on starting or
ending points of intervals, using the formalism of Horn DLRs [Jonsson and
Bickstrom, 1996]. Apart from representing progress in the research aiming
at a complete characterisation of the tractable subclasses of Allen’s interval
algebra, this opens for a combination between the expressivity of the ORD-
Horn algebra and algebras which can express sequentiality between intervals,
provided that only starting or ending points of intervals are related with
ORD-Horn relations.

References

[AAATI ’91, 1991] American Association for Artificial Intelligence. Proceed-
ings of the 9th (US) National Conference on Artificial Intelligence (AAAI
’91), Anaheim, CA, USA, July 1991. AAAT Press/MIT Press.

[AAATI ’96, 1996] American Association for Artificial Intelligence. Proceed-
ings of the 13th (US) National Conference on Artificial Intelligence (AAAI
’96), Portland, OR, USA, August 1996.

[Allen, 1983] James F. Allen. Maintaining knowledge about temporal inter-
vals. Communications of the ACM, 26(11):832-843, 1983.



115

[Allen, 1991] James F. Allen. Temporal reasoning and planning. In J.F.
Allen, H. Kautz, R.N. Pelavin, and J. Tenenberg, editors, Reasoning about
Plans, chapter 1, pages 1-67. Morgan Kaufmann, 1991.

[Benzer, 1959] S. Benzer. On the topology of the genetic fine structure. In
Proceedings of the National Academy of Science, U.S.A., pages 1607-1620,
1959.

[Dechter et al., 1991] Rina Dechter, Itay Meiri, and Judea Pearl. Temporal
constraint networks. Artificial Intelligence, 49:61-95, 1991.

[Delgrande and Gupta, 1996] James P. Delgrande and Arvind Gupta. A
representation for efficient temporal reasoning. In AAAT ’96 [1996], pages
381-388.

[Drakengren and Jonsson, 1996] Thomas Drakengren and Peter Jonsson.
Maximal tractable subclasses of Allen’s interval algebra: Preliminary re-
port. In AAAT *96 [1996], pages 389-394.

[Drakengren and Jonsson, 1997] Thomas Drakengren and Peter Jonsson.
Towards a complete classification of tractability in Allen’s algebra. In
Martha E. Pollack, editor, Proceedings of the 15th International Joint
Conference on Artificial Intelligence (IJCAI ’97), Nagoya, Japan, August
1997. Morgan Kaufmann.

[Gerevini et al., 1993] Alfonso Gerevini, Lenhart Schubert, and Stephanie
Schaeffer. Temporal reasoning in Timegraph I-1I. SIGART Bulletin,
4(3):21-25, 1993.

[Golumbic and Shamir, 1993] Martin Charles Golumbic and Ron Shamir.
Complexity and algorithms for reasoning about time: A graph-theoretic
approach. Journal of the ACM, 40(5):1108-1133, 1993.

[Jonsson and Béickstrom, 1996] Peter Jonsson and Christer Bickstrom. A
linear-programming approach to temporal reasoning. In AAAT ’96 [1996],
pages 1235-1240.

[Jonsson and Drakengren, 1997] Peter Jonsson and Thomas Drakengren. A
complete classification of tractability in RCC-5. Journal of Artificial In-
telligence Research, 6:211-221, 1997.



116

[Kautz and Ladkin, 1991] Henry Kautz and Peter Ladkin. Integrating met-
ric and temporal qualitative temporal reasoning. In AAAT ’91 [1991],
pages 241-246.

[Koubarakis, 1992] Manolis Koubarakis. Dense time and temporal con-
straints with #£. In Bill Swartout and Bernhard Nebel, editors, Proceedings
of the 3rd International Conference on Principles of Knowledge Repre-
sentation and Reasoning (KR ’92), pages 24-35, Cambridge, MA, USA,
October 1992. Morgan Kaufmann.

[Koubarakis, 1996] M. Koubarakis. Tractable disjunctions of linear con-
straints. In Proceedings of the 2nd International Conference on Princi-

ples and Practice for Constraint Programming, pages 297-307, Cambridge,
MA, August 1996.

[Lassez and McAloon, 1992] Jean-Louis Lassez and Ken McAloon. A canon-
ical form for generalized linear constraints. Journal of Symbolic Compu-
tation, 13:1-14, 1992.

[Meiri, 1991] Itay Meiri. Combining qualitative and quantitative constraints
in temporal reasoning. In AAAT ’91 [1991], pages 260-267.

[Nebel and Biirckert, 1993] Bernhard Nebel and Hans-Jiirgen Biirckert.
Software for machine assisted analysis of Allen’s interval algebra. Avail-
able from the authors by anonymous ftp from duck.dfki.uni-sb.de as
/pub/papers/DFKI-others/RR-93-11.programs.tar.Z, 1993.

[Nebel and Biirckert, 1995] Bernhard Nebel and Hans-Jiirgen Biirckert.
Reasoning about temporal relations: A maximal tractable subclass of
Allen’s interval algebra. Journal of the ACM, 42(1):43-66, 1995.

[Sandewall, 1994] Erik Sandewall. Features and Fluents. Oxford University
Press, 1994.

[Song and Cohen, 1988] F. Song and R. Cohen. The interpretation of tem-
poral relations in narrative. In Proceedings of the 7th (US) National Con-
ference on Artificial Intelligence (AAAI ’88), pages 745-750, St. Paul,
MN, USA, August 1988. American Association for Artificial Intelligence,
Morgan Kaufmann.

[van Beek and Cohen, 1990] Peter van Beek and Robin Cohen. Exact and
approximate reasoning about temporal relations. Computational Intelli-
gence, 6(3):132-144, 1990.



117

[van Beek, 1989] Peter van Beek. Approximation algorithms for temporal
reasoning. In N. S. Sridharan, editor, Proceedings of the 11th International
Joint Conference on Artificial Intelligence (IJCAIT ’89), pages 1291-1296,
Detroit, MI, USA, August 1989. Morgan Kaufmann.

[van Beek, 1992] Peter van Beek. Reasoning about qualitative temporal in-
formation. Artificial Intelligence, 58:297-326, 1992.

[Vilain et al., 1989] Marc B. Vilain, Henry A. Kautz, and Peter G. van Beek.
Constraint propagation algorithms for temporal reasoning: A revised re-
port. In Readings in Qualitative Reasoning about Physical Systems, pages
373-381. Morgan Kaufmann, San Mateo, CA, 1989.

[Vilain, 1982] Marc B. Vilain. A system for reasoning about time. In Pro-
ceedings of the 2nd (US) National Conference on Artificial Intelligence
(AAAT ’82), pages 197-201, Pittsburgh, PA, USA, August 1982. Ameri-
can Association for Artificial Intelligence.






Paper IV






Towards a Complete Classification of
Tractability in Allen’s Algebra

Thomas Drakengren and Peter Jonsson

ABSTRACT

We characterise the set of subalgebras of Allen’s algebra which have a
tractable satisfiability problem, and in addition contain certain basic re-
lations. The conclusion is that no tractable subalgebra that is not known in
the literature can contain more than the three basic relations (=), (b) and
(b~"), where b € {d,o0,s,f}. This means that concerning algebras for spec-
ifying complete knowledge about temporal information, there is no hope of
finding yet unknown classes with much expressivity. Furthermore, we show
that there are exactly two maximal tractable algebras which contain the re-
lation (< ). Both of these algebras can express the notion of sequentiality;
thus we have a complete characterisation of tractable inference using that

notion.
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1 Introduction

This paper improves on known results about algorithms for the problem of
reasoning about temporal constraints. Such reasoning is an important task
in many areas of AI and elsewehere, such as planning [Allen, 1991], natural
language processing [Song and Cohen, 1988], time serialization in archeology
[Golumbic and Shamir, 1993] and more, and there are several frameworks
for formalising such problems, according to different needs. Among the most
frequently used ones are the point algebra [van Beek and Cohen, 1990], used
for expressing qualitative relations between time points, the point-interval
algebra [Vilain, 1982] for expressing qualitative relations between time points
and time intervals, and the famous interval algebra of Allen [1983] for ex-
pressing qualitative relations between time intervals. There are also combi-
nations of these and extensions to handle metric time as well, such as Meiri’s
framework [Meiri, 1991], and the works of Kautz and Ladkin [1991], Gerevini
et al. [1993], Dechter et al. [1991], Jonsson and Bickstrom [1996] and Drak-
engren and Jonsson [1997]. However, it was early proved that the reasoning
problem for these formalisms is very hard; e.g. reasoning in Allen’s interval
algebra is NP-complete [Vilain and Kautz, 1986], and NP-hardness carries
over to more expressive formalisms.

These computational problems have motivated the search for various
tractable fragments of the temporal formalisms, where reasoning can be
guaranteed to be reasonably efficient. In particular, several subclasses of
Allen’s algebra have been reported as tractable (we assume P # NP) [van
Beek and Cohen, 1990; Golumbic and Shamir, 1993; Nebel and Biirckert,
1995; Drakengren and Jonsson, 1996; Drakengren and Jonsson, 1997]. How-
ever, in view of the large number of possible subclasses of Allen’s algebra
(the algebra contains 8192 relations, leading to 28192 ~ 102466 subclasses),
such results are in danger of appearing ad hoc. As a first reaction to this,
research has recently focused on identifying mazimal tractable subclasses;
i.e. classes which cannot be extended without losing tractability. This di-
rection is clearly more systematic, since any tractable subclass is included
in a maximal tractable one. The first such algebra was identified by Nebel
and Biirckert [1995], soon to be followed by Drakengren and Jonsson [1996,
1997], resulting in eighteen known maximal algebras, subsuming all algebras
previously known to be tractable. Still, however, this is a very small number
compared to the total number of possible subclasses.

Due to this apparent lack of systematicity, techniques have recently been
developed allowing full classifications of tractability, in particular for the
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point-interval algebra [Jonsson et al., 1996], and also for the RCC-5 algebra
for spatial reasoning [Jonsson and Drakengren, 1997]. A full classification
of tractability for an algebra means that we identify the complete set of
tractable subclasses in the algebra. Despite the success for the point-interval
algebra and the RCC-5 algebra, the corresponding task for Allen’s algebra
poses a problem more difficult by several orders of magnitude: the number
of subclasses in these algebras is only 232 ~ 4.3 - 10°. In principle, all these
can be enumerated on a computer, but this is certainly not the case with
the Allen algebra.

In this context, this paper presents a significant step towards a full clas-
sification of tractability in Allen’s algebra. We show that any algebra that is
yet to be found can contain at most three basic relations: (=), (b) and (b™),
for b € {d,o0,s,f}. This means that in order to specify complete temporal
knowledge, we cannot hope to find more expressive algebras than those al-
ready known. Furthermore, we show that there are exactly two maximal
tractable algebras which can express the important notion of sequentiality
[Sandewall, 1994].

Finally, note that the main results of this paper are proved using exhaus-
tive search by computers. Naturally, such proofs cannot be reproduced in
a paper, but we encourage researchers in the field to repeat our proofs. All
software mentioned in the paper can be obtained from the authors.

The structure of the paper follows. First we present Allen’s algebra in
Section 2, after which the classification results follow. A discussion concludes
the paper. The more complicated proofs are collected in an appendix.

2 Allen’s Algebra

Allen’s interval algebra [Allen, 1983] is based on the notion of relations be-
tween pairs of intervals. An interval z is represented as a tuple (z~,z") of
real numbers with 2= < z™, denoting the left and right endpoints of the
interval, respectively, and relations between intervals are composed as dis-
junctions of basic interval relations, which are those in Table 1 (we denote
the set of these relations by B). Such disjunctions are represented as sets
of basic relations, but using a notation such that, for example, the disjunc-
tion of the basic intervals <, m and f~ is written (< m f~). Thus, we
have that (< f~) C (< m ). Sometimes, the disjunction of all basic
relations is written T, and the empty relation is written L (this also used
for relations between interval endpoints, denoting “always satisfiable” and
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Basic relation Example ‘ Endpoints
x before y < XXX rt <y
y after x - yyy

T meets y m XXXX =y~
y met-by z m~ yyyy

x overlaps y XXXX T <y <z,

o
y overl.-by z o~ yyyy | &t <y*
z during y d XXX x >y,
y includes = d= | yyyyyyy | 2" <y”
x starts y S XXX T =y,
ystarted by = s~ | yyyyyyy | @t <y'
z finishes y f xxx |zt =y,
y finished by z ™~ yYyyyyy | >y

x equals y XXXX T =y,

yyyy |zt =y"

Table 1: The thirteen basic relations. The endpoint relations x= < z+ and
y~ <y that are valid for all relations have been omitted.

“unsatisfiable”, respectively). The algebra is provided with the operations
of converse, intersection and composition on intervals, but we shall need
only the converse operation. The converse operation takes an interval rela-
tion ¢ to its converse i, obtained by inverting each basic relation in i, i.e.,
exchanging = and y in the endpoint relations of Table 1.

By the fact that there are thirteen basic relations, we get 2!3 = 8192 pos-
sible relations between intervals in the full algebra. We denote the set of
all interval relations by A. Subclasses of the full algebra are obtained by
considering subsets of A. There are 28192 ~ 102466 such subclasses.

There are several problems of computation associated with Allen’s inter-
val algebra, and this paper focuses on the problem of satisfiability of a set of
interval variables with relations between them, i.e. deciding whether there
exists an assignment of intervals on the real line for the interval variables,
such that all of the relations between the intervals are satisfied. We define
this as follows.

Definition 2.1 (A-SAT(Z)) Let Z be a set of interval relations. An
instance of A-SAT(Z) is a labelled directed graph S = (V,E), where the
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nodes in V are interval variables and FE is a subset of V' xZ x V. A labelled
edge (u,r,v) € E means that u and v are related by r.

A function M taking an interval variable v to its interval representation
M(v) = (z ,z") withz~ <z™, z~,z" € R, is said to be an interpretation
of S.

An instance (V, E) is said to be satisfiable iff there exists an interpreta-
tion M such that for each (u,r,v) € E, M(u)rM(v) holds, i.e. the endpoint
relations required by r (see Table 1) are satisfied by the assignments of u
and v. Then M is said to be a model of (V, E).

We refer to the size of an instance (V, E) as |V |+ |E|. O

For A, we have the following result.

Proposition 2.2 A-SAT(A) is NP-complete.
Proof: See Vilain and Kautz [1986]. O

Next, we introduce Nebel and Biirckert’s [1995] closure operation, here de-
noted C4(+), which transforms a given subclass of A to one that is polyno-
mially equivalent to the original subclass wrt. satisfiability.

Definition 2.3 (Closure) Let & C A. Then we denote by C4(S) the
A-closure of S, defined as the least subalgebra of A containing & and which
is closed under converse, intersection and composition. O

Closures can be computed using Nebel and Biirckert’s software [1993].
The key result for extrapolating complexity results is the following.

Proposition 2.4 For § C A, A-SAT(S) is polynomial iff A-SAT(C4(S))
is, and A-SAT(S) is NP-complete iff A-SAT(C(S)) is.
Proof: See Nebel and Biirckert [1995]. O

A-SAT is sometimes defined such that for each pair of objects (e.g. time
intervals), we have exactly one relation (cf. Golumbic and Shamir [1993]). In
this way, the reduction needed for Proposition 2.4 would fail, since intervals
which are added are not always related.

3 Classification of A

This section contains the parts of the classification.
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3.1 Intractable Subclasses

In order to provide the classification, we need to find more NP-complete
subclasses of A than those previously known. Our main tools for proving
intractability are the following NP-complete subclasses of A.

Definition 3.1 (Subclasses N;, relation R, sets Ay, A4 and Anp)
First define the auxiliary set A by A = {(X d7 om f~),(x doms)}.
Define the following sets.

Ni = AU{(dd~ o~ s~ f)},
No=AU{(d" 00~ s~ )},
Ns ={(=*>),(007)},
Ni={(=*>),(0 07 mm7)},
Ng={(mm7), (<= ss™ ff)}

Define the relations R and R’ by
R=(dd~ o0™)

and
R =(= mm=~ss= ff),

and set Axp to be the union of the following sets:
{N1,Na, N3, Na, N5},
Ao={{(<x =),r} | RCr C RUR'},
As={{(x =),r} | RU(X) CrCRU(<)UR'}.

O

Proposition 3.2 A-SAT(S) is NP-complete for all S € Ayxp.

Proof: For N7 and N3, see Nebel and Biirckert [1995]. The remaining cases
are proved in Theorem A.9 (A U A4) and Theorem A.12 (N3, Ny and N5)
in the appendix. O
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3.2 Tractable Algebras

Next we define what are the polynomial algebras involved in the classifica-
tion.

Definition 3.3 (bas(A4), polynomial algebras) Let bas(A) for A C A
be the set of basic relations contained in A. Also let H denote the ORD-
Horn algebra by Nebel and Biirckert [1995] and S<, Sq, So, £<, £ and &,
the maximal tractable algebras of Drakengren and Jonsson [1997], where S,
denotes the unique starting point algebra containing the basic relation (r),
and &, the unique ending point algebra containing the basic relation (r). O

The following facts about the algebras will be needed in the classification.

Proposition 3.4 #H, S, and &, are maximal tractable subclasses of A, i.e.
it is impossible to extend them without losing tractability. Furthermore, any
tractable subclass A C A with B C A satisfies A C H. Also, bas(H) = B,

bas(S,) = {=,r,7,s,s7},
and
bas(&,) = {=,r,r~,f,f7}

for all r € {<,d, o}.
Proof: The proofs for H can be found in [Nebel and Biirckert, 1995], and
those for S, and &, in [Drakengren and Jonsson, 1997]. O

In order to define the subject of our classification, define 7 to be the set
of maximal tractable subalgebras of A not included in H, S, or &,, for any
r € {<,d,o}. Note that it is sufficient to restrict the attention to maximal
tractable algebras, since any tractable subset can be extended to such an
algebra. Also note that some of the algebras known from the literature
(those of Drakengren and Jonsson [1996, 1997]) are included in 7", but this
will not affect the classification, since these all contain three basic relations
or less.

3.3 The Classification

We start by stating the main theorem of the paper, from which the classifica-
tion results will follow. Since this kind of result has already been presented
at least twice in the literature [Jonsson et al., 1996; Jonsson and Draken-
gren, 1997], we take the opportunity to abstract it in order to make future
classification results easier to state.
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Theorem 3.5 Let R be a set equipped with an operation Cz (R) on sets R C
R, and for each set R C R a problem R-SAT(R), satisfying the following:

e If R-SAT(Cr(R)) is NP-complete, then R-SAT(R) is NP-complete

e If R-SAT(R) is NP-complete, then R-SAT(S) is NP-complete for all
SOR

e If R-SAT(R) is polynomial, then R-SAT(S) is polynomial for all S C
R.

Let Rp,Rnp C 2% and B C R, such that R-SAT(X) is polynomial for each
X € Rp, each X € Rp satisfies B C X, and R-SAT(D) is NP-complete for
each D € Ryp.

Then if each set 7' C R with |T'| < |R p| satisfies either that T" is a subset
of some set in Rp, or that D C Cx (T UB) for some D € Ryp, then for any
S with B C S8, R-SAT(S) is polynomial iff S is a subset of some set in Rp.
Otherwise R-SAT(S) is NP-complete.

Proof:

<) For each R € Rp, R-SAT(R) is polynomial by definition, and so are
subsets of R.

=) Consider a set S C R with B C S, § not being a subset of any set in
Rp. For each set C' in Rp, choose an element x such that x € S and z &€ C.
This can always be done since § € C. Let X be the set of these elements.
By the construction of X, |X| < |Rp|. But then, by the condition of the
theorem, either X is a subset of some set in Rp, or D C Cr(X U B) for
some D € Ryp. But the former case cannot hold by the construction of X;
thus R-SAT(Cr(X U B)) is NP-complete. It follows that R-SAT(X U B) is
NP-complete, and since X U B C S, that R-SAT(S) is NP-complete. The
result follows. O

We now proceed gradually with the classification by excluding certain com-
binations of basic relations. Note that the three conditions making The-
orem 3.5 applicable always hold for Allen’s algebra. Also note that any
algebra has to contain an odd number of basic relations, since algebras are
closed under the converse operation, and (=) is always included.

The following result is similar to one of Drakengren and Jonsson [1997].

Proposition 3.6 Let A C A. If (m) € A, then either A C H or A-SAT(A)
is NP-complete.

Proof: It can easily be verified that B C C4({(m)}) (use the aclose utility
by Nebel and Biirckert [1993]), and the result follows by Proposition 3.4. O
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Thus, A € T = |bas(4)| < 11.
Now for the first application of Theorem 3.5.

Proposition 3.7 Let A C A. If (<) € bas(A), then either A C H, A C S.,
AC &, or A-SAT(A) is NP-complete.

Proof: First choose R = A, Rp = {H,5<,€<}, Rvp = Anp and B =
{(<)}. Then enumerate each set T C A with |T'| < |Rp| = 3 and test if
for each T, either T C H, T C 8., T C &4, or D C C4(T U B) for some
D € Anp. There are

3
3 ( 812,92 ) ~9.2-10"

i=0

such subsets. The test succeeds for all T', and the result follows. O

The subsets were enumerated on several Sun SPARC 10 stations in parallel,
taking approximately 40 CPU weeks.

By this result, A € T = |bas(A)| < 9. The basic relations remaining to
check are those in

Z ={d,d",0,07,s,s7,f,f}.

If we can show that for any ry1,ro € Z with r1 # 79 and r1™~ # 79, if for
some A € T, {r1,r2} C bas(A), then ACH, ACS, or A C &, for some r,
then we could conclude that A € T = |bas(A)| < 3, which is the goal of the
paper. The following results will prove this.

Proposition 3.8 Let A C A. For W = {(d),(0)} or W = {(s),(f)}, if
W C bas(A), then either A C H, or A-SAT(A) is NP-complete.

Proof: First choose R = A, Rp = {#}, Rvp = Anp and B = W. Then
enumerate each set T' C A with |T'| < |Rp| = 1 and test if for each T', either
T CHor D CCu(TUB) for some D € Ayp. There are 8193 such subsets,
regardless of W. The test succeeds for all T, and the result follows from
Theorem 3.5. O

Proposition 3.9 Let A C A. If {(s),(r)} C bas(A) for r € {d,0}, then
either AC H, A CS,, or A-SAT(A) is NP-complete.

Proof: First choose R = A, Rp = {H,S,}, Rnp = Anp and B = {(s),(r)}.
Then enumerate each set T C A with |T| < |Rp| = 2 and test if for each T,
either T C H, T C S,;, or D C C4(T U B) for some D € Ayp. There are
~ 3.4 - 107 such subsets. The test succeeds for all T, and the result follows
from Theorem 3.5. O
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The cases with {(f),(d)} and {(f), (o)} follow by symmetry from Proposi-
tion 3.9, using &, instead of S,. We can thus conclude that A € T =
|bas(A)| < 3, and that algebras in 7 can only contain basic relations in
{=,d,0,s,f} which is the main result of the paper.

We conclude by a classification of all algebras containing the relation
(< =), needed for expressing the notion of sequentiality. This notion is
important in many Al contexts, such as planning and reasoning about action
[Sandewall, 1994], where actions are often assumed to come in sequence.

Proposition 3.10 Let A C A. If (< >) € A, then either A C S, A C &L,
or A-SAT(A) is NP-complete.

Proof: First choose R = A, Rp = {S4,6<}, Rnp = Anp and B =
{(<x =)}. Then enumerate each set T C A with |T| < |Rp| = 2 and test if
for each T, either T'C S, T C £, or D C C4(T U B) for some D € Ayp.
There are ~ 3.4-107 such subsets. The test succeeds for all T, and the result
follows from Theorem 3.5. O

Since both of these algebras also contain the relations (=), (<), (>), (= <),
(= ), these are the only tractable algebras capable of expressing sequen-
tiality.

In fact, when enumerating subsets in Proposition 3.7, Proposition 3.9 and
Proposition 3.10, it is possible to optimise by stopping at subsets known to
be NP-complete (those in Anp); sometimes with a factor of thirty.

4 Discussion

It is appropriate to indicate the applicability of this method to further clas-
sify tractability in A. Therefore, consider the task of classifying all tractable
algebras containing the basic relation (s). There are nine known maximal
tractable algebras containing this relation. Thus, we have to enumerate all
subsets of an 8192-element set having nine or fewer elements. This amounts
to 4.6-10%° subsets, making this task more difficult by a factor of 10'°, which
is clearly impossible using today’s computers.

For the full classification, we certainly need methods that combine the-
oretical studies of the structure of A with brute-force computer methods,
similar to how the four-colour theorem was proved [Appel and Haken, 1976].
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5 Conclusion

We have partially classified tractability of reasoning in Allen’s interval al-
gebra, with the result that any yet unknown tractable subclass can contain
at most the basic relations (=), (b), (b~), where b € {d,o,s,f}. This means
that for specifying complete knowledge about temporal relations, there is
no hope of finding more expressive and yet tractable subclasses than those
known today. Furthermore, we completely characterised the set of tractable
subclasses which can express the notion of sequentiality, which is useful in
many Al contexts.

Appendix

Here the intractability proofs needed for the proof of Proposition 3.2 are
collected.
A.1 Model Transformations
Definition A.1 (Subsets Ay and A4) Let
R=(dd~ o0™)
as in Definition 3.1, and define
Ag={(<x>),RU(= mm~ ss ff)},
and
Ag={(<>),RU(=< mm~ss~ f )}

a

Proposition A.2 A-SAT(Aj) and A-SAT(A4) are NP-complete.
Proof: See Golumbic and Shamir [1993]. O

The NP-completeness results of Proposition A.2 can be extended consider-
ably by techniques introduced next.

Our main vehicle for showing intractability of different subclasses is that
of model transformations. It is a method for transforming a solution of one
problem to a solution of a related problem. The concept of model trans-
formation and related results were introduced in the context of temporal
reasoning in Jonsson et al. [1996].
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Definition A.3 (Model transformation) A model transformation is a
mapping on A-interpretations. O

Next, a way to describe such transformations.

Definition A.4 (Model transformation description) Let T be a
model transformation. A function fr : B — 2B is a description of T iff
for arbitrary A-interpretations &, the following holds: if b € B and I(b)J
under & then I(fr(b))J under T(S). A description fr can be extended to
handle disjunctions in the obvious way: fr(R) = U,cp fr(r). O

We can now provide a result on how model transformations can be used.

Lemma A.5 Let R = {ry,...,rp,} CAand R' = {r},...,r,} C A besuch
that v, C rg for all 1 < k < n, and A-SAT(R) is NP-complete. If there
exists a model transformation T with a description fr such that fr(rg) C 7},
for every 1 < k < n then A-SAT(R') is NP-complete.

Proof: Let © be an instance of A-SAT(R), and construct an instance ©' of
A-SAT(R') as follows by setting

O' = {Ir,.J | Ir,J € ©}.

We now prove that © is satisfiable iff ©’ is.

<) Suppose ©' is satisfiable by a model &’. Then since every IryJ € ©
corresponds to an IryJ € © with r}, C rg, S’ is also a model of ©.

=) Suppose O is satisfiable by a model &, and set S’ = T'(¥). We would like
to verify that §’ is a model of ©'. Take any IryJ € ©. Then I fp(rg)J holds
in §’, by assumption. Since the r}, corresponding to 7 satisfies fr(rg) C 7y,
also Ir}, holds in &', and the result follows. O

Before we define a model transformation that we will use later on, we need
an auxiliary definition (also from Jonsson et al. [1996]).

Definition A.6 (Minimal distance) Let S C R be finite. The minimal
distance in S, MD(S), is defined as

min{z —y | z,y € SAz > y}.
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Observe that |S| > 2 in order to make MD(S) defined. This is no problem,
since we are working with intervals. For all such S, MD(S) > 0. The
definition of minimal distance can be extended to .A-interpretations in the
following way: Let & be an A-interpretation that assigns values to a set of
interval variables Z, and set

MD(S) = MD({S(I7),S(I") | I € I}).
A concrete model transformation follows.

Definition A.7 (Transformation 7', description f) Define the model

transformation T' on A-interpretations assigning values to interval variables

L,..., I, as follows. T(S) = Q’, where &’ is obtained from S by first setting

e = MD(S)/(n + 1) and defining
(L) = (S(I]) — i€, S(I;Y) + de).

)

Then define f(b) for r € B as
f(E) = {d’dv7o’ov}’

F(=)={=}
=) ={~}
f(d) = {d},
fd™) ={d7},
f(0) = {o},
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Thus T decreases starting points and increases ending points of intervals,
and does this differently for every interval. Now f(b) represents what can
happen to the basic relation b when the transformation T is applied.

Proposition A.8 f is a description of T'.
Proof: Obvious from the definitions. O

We can now extend the results of Proposition A.2.

Theorem A.9 For any A € Ay U Ay of Definition 3.1, A-SAT(A) is NP-
complete.
Proof: Let

ry=(<>)
and
ro=RU(Z mm~ ss~ ff7),
where
R=(dd~ o0™).
Thus
R ={ri,ra} = Ay
and is NP-complete. Take A € A4y. Now A = {r],ry} for rj = (< =) and
RCryCRU(= mm~ ss~ ff),

and it is obvious that the conditions of Lemma A.5 are satisfied. NP-
completeness follows.
Similarly, let

ry=(<>)
and
ro=RU(=ZE< mm~ss~ ff7),
where
R=(dd~ oo0™).
Thus R = {r1,r2} = A4 and is NP-complete. Take A € A4. Now A =
{r1,ra} for rp = (< ) and
RCryCRU(ZE< mm~ ss™ ff),

and it is obvious that the conditions of Lemma A.5 are satisfied. NP-
completeness follows. O



136

A.2 5-Composition

In order to find the last necessary NP-completeness results, we introduce a
new operation to the Allen algebra.

Definition A.10 (5-composition) Let rq,...,r5 € A. Define the 5-
composition of ri,...,r5, denoted 5comp(ry,...,rs5), by

I 5comp(ry,...,7r5) J < 3K, L. Ir1K, KroJ, IrgL, LryJ, KrsL.

a

The 5-composition of relations r1,...,r5 can easily be computed by using

Nebel’s software for computing satisfiability of networks of Allen relations’,

by constructing a network of four interval variables with relations according

to the definition, and computing the entailed relation between two of the

variables by choosing the basic relations which are consistent there.
NP-completeness results can be obtained as follows.

Proposition A.11 Let A C A, and suppose A-SAT(AU{5comp(r1,...,75)})
can be shown to be NP-complete, for r; € A. Then A-SAT(A) is NP-

complete.

Proof: Any network expressed using the extended set of relations can be

converted to an equivalent one using only relations from A, by the definition

of 5-composition. The transformation is obviously polynomial. O

Theorem A.12 A-SAT for the subclasses N3, Ny and N5 are NP-complete.

Proof: Recall the definitions:
Nz ={(=<>),(0 07},
Ni={(<>),(0 0™ mm7)}
and
Ns={(mm7), (<> ss™ ff)}.
Define

c(ry,re) = Scomp(ry,m1,71,71,72).

!This software was developed for obtaining the results of Nebel’s paper [1996], and can
be obtained from Bernhard Nebel.
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First, we verify that
rs=c((007),(x =) =(= dd7 o007 ss~ ff),

and we see that A C N3 U {r3} for some A € Aj, and NP-completeness
follows by Proposition 3.2. Next,

rs=c(loo” mm7), (X >=))=(= dd7 o007 ss~ ff7),

and we see that A C Ny U {r4} for some A € Ap, and NP-completeness
follows by Proposition 3.2. Last,

rs=c((mm7), (X > ss7ff7))=(= ss ff7),

and it can be verified using Nebel and Biirckert’s software [1993] that Ag C
C4(N5 U {rs}), implying NP-completeness by Proposition 3.2 and Proposi-
tion 2.4. O
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Reasoning about Action in Polynomial
Time

Thomas Drakengren and Marcus Bjareland

ABSTRACT

Although many formalisms for reasoning about action exist, surprisingly few

approaches have taken computational complexity into consideration. The
contributions of this paper are the following: a temporal logic with a re-
striction for which deciding satisfiability is tractable, a tractable extension
for reasoning about action, and NP-completeness results for the unrestricted
problems. Many interesting reasoning problems can be modelled, involving
nondeterminism, concurrency and memory of actions. The reasoning process
is proved to be sound and complete.
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1 Introduction

Although many formalisms for reasoning about action exist, surprisingly few
approaches have taken computational complexity into consideration. One
explanation for this might be that many interesting AI problems are (at
least) NP-hard, and that tractable subproblems that are easily extracted,
tend to lack expressiveness. This has led a large part of the ATl community
to rely on heuristics and incomplete systems to solve the problems (see, for
example, [Ginsberg, 1996] for a discussion). This holds, in particular, for the
area of reasoning about action, where the very expressive logical formalisms
provide difficult obstacles when it comes to efficient implementation.

We feel, however, that the tractability boundary for sound and complete
reasoning about action has not yet been satisfactorily investigated. We prove
this by introducing a nontrivial subset of a logic with semantics closely re-
lated to the trajectory semantics of Sandewall [1994], for which satisfiability
is tractable. Our logic can handle examples involving not only nondeter-
minism, but continuous time, concurrency and memory of actions as well,
thus providing a conceptual extension of Sandewall’s framework. The reader
should note that our main concern is computation, as opposed to modelling.

This paper is organised as follows: Section 2 is an informal overview of
the technical results, where two examples are also presented. In Section 3 we
present the syntax and semantics of the basic temporal logic and the exten-
sion for reasoning about action, and in Section 4, we present the following:
three intractability results for these formalisms, and the main results: the
tractable subclasses of the temporal logic and its extension.

2 Overview

In Section 3 we develop a temporal logic, A, which is syntactically related
to the propositional temporal logic TPTL [Alur and Henzinger, 1989]. The
temporal domain is the set of real numbers and temporal expressions are
based on relations =, <, <, > and > between linear polynomials with ra-
tional coefficients over a set of temporal variables. The semantics of this
temporal logic is standard. The formalism for reasoning about action is nar-
rative based, which means that scenario descriptions are used to model the
real world. Scenario descriptions consist of formulae in the temporal logic
(observations) and action expressions which are constructs that state that
certain changes in values of the features (propositions, fluents) may occur.
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We write action expressions as m = [a]e Infl, where 7 is the precondition for
the action, € the effects, a a temporal expression denoting when the effects
are taking place, and Infl is the set of all features that are influenced by the
action. The influenced features are not subject to the assumption of inertia,
i.e. we allow them, and only them, to change during the execution of the
action.

It turns out that deciding satisfiability is NP-complete, both for the
temporal logic and the scenario descriptions. Interestingly, the problem is
NP-complete for scenario descriptions that only include Horn clause ob-
servations, unconditional and unary action expressions (this terminology is
explained later), and no stated relations between temporal expressions.

To extract a tractable subset from our formalism we rely on a recent
result in temporal constraint reasoning by Jonsson and Bickstrom [1996]
(also discovered independently by Koubarakis [1996]). They have identi-
fied a large tractable class of temporal constraint reasoning, using Horn
Disjunctive Linear Relations (Horn DLRs) which are relations between lin-
ear polynomials with rational coefficients. We make use of their result by
restricting formulae in our scenario descriptions to be Horn and then by en-
coding scenario descriptions into Horn DLRs. For the temporal logic this
is fairly straightforward. For the scenario descriptions, it turns out that we
have to put some constraints on the temporal relations and actions in the
scenario descriptions.

We will use the following two examples: Jump into a Lake with a Hat
[Giunchiglia and Lifschitz, 1995] and Soup Bowl Lifting [Gelfond et al., 1991].
Below we informally describe the examples.

Example 1 (Jump into a Lake with a Hat, JLH) If you jump into the
lake you will get wet. If you have been in the water at some time point it is
unclear if you still have your hat on. This is an example of nondeterminism
and of memory of actions. O

Example 2 (Soup Bowl Lifting, SBL) If we lift either side of a soup
bowl at some time points, the content will be spilled, unless we lift both
sides at the same time point. This is an example of concurrency. O

The first example can be handled by the tractable subset of our formalism,
whereas the second one fails to satisfy the restrictions. Note that actions
may partly overlap.
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3 Scenario Descriptions

We introduce a semantics that is a simpler variant of Sandewall’s Features
and Fluents Framework [Sandewall, 1994], in that the effects of an action
can only occur at one and the same time point for a given action, and we use
only propositional values of features (similar to the work of Doherty [1994])
However, in some respects this formalism is more flexible than Sandewall’s:
we use a continuous time domain, we allow concurrently executing actions,
and effects of actions can depend on other states in the history than the state
at the starting time point of the action (this implies memory of actions,
in Sandewall’s [1994] terminology). One example of a formalism having
memory is that of Gustafsson and Doherty [1996].

Initially, a basic temporal logic is defined. The computational properties
of this logic will be exploited by the scenario description logic, i.e. ultimately
(in Section 4) the scenario descriptions will be transformed into formulae of
the basic temporal logic.

3.1 Syntax

We begin by defining the basic temporal logic.
We assume that we have a set T of time point variables intended to take
real values, and a set F of features intended to take propositional values.

Definition 3 A signature is a tuple o = (T, F), where T is a finite set of
time point variables and F is a finite set of propositional features. A time
point expression is a linear polynomial over 7 with rational coefficients. We
denote the set of time point expressions over 7 by 7*. O

Definition 4 Let o0 = (T,F) be a signature, let o, € T*, f € F, R €
{=,5,<,>,>}, @ € {A,V,—, >}, and define the scenario description lan-
guage A over o by

A==T|F|f|aRB|-A| AL & A | [a]A.

A formula of the form aRS is a linear relation, and one that does not contain
any connectives (any of the constructs A,V,—, <>, and [-]) is atomic. If y
is atomic and a € T*, then the formulae v, [a]y, =, [a]~y and —[a]y are
literals'. (A formula [a]y expresses that at time o, 7 is true.) A literal [ is
negative iff it contains — and its corresponding atomic formula v is not of

S0, the formula —[a]—y is not a literal.
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the form aRf for R € {<,<,>,>}. A literal that is not negative is positive.
Disjunctions of literals are clauses. A formula v € A is in conjunctive normal
form, CNF, iff it is a conjunction of clauses. A formula ~ is Horn iff it is
a clause with at most one positive literal. A set I' of formulae is Horn iff
every v € I is Horn. Syntactical identity between formulae is written =,
and when ambiguity is to be avoided, we denote formulae v € A by ™.

Let v be a formula. A feature f € F occurs free in « iff it does not occur
within the scope of a [a] expression in 7. o € T* binds f in ~ if a formula
[a]¢ occurs as a subformula of v, and f is free in ¢. If no feature occurs free
in v, v is closed. If v does not contain any occurrence of [«] for any o € T,
then v is propositional. O

Using A, we can thus express propositions being true at time points, and
express relations between time points. Next we define the extension of the
basic temporal logic by introducing action expressions, i.e. constructs that
enable modelling of change.

Definition 5 Let 0 = (7, F) be a signature. An action ezpression over o
is a tuple A = (o, 7, Infl €), o € T*, 7 a closed formula in A, Infl C F,
and € a propositional formula, where all features occurring in € are in Infl.
« is the result time point of A, w is the precondition of A, Infl is the set
of influenced features of A, and € is the effects of A. A is unconditional iff
n =T, and unary iff |Infl| = 1.

For convenience we write action expressions as

T = [a]e Infl;
for example we have
[3]loaded = [4]-alive{alive}

for an action shoot. If 7 = T, we remove it and the = symbol, and if e = T,
we remove it. An example is an unconditional loading action

[2)loaded{loaded },
and the action of spinning the chamber of a gun

[3]{loaded }.

An observation over o is a closed formula in A. O

Next, we combine the concepts defined so far into one.
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Definition 6 A scenario description is a tuple
T = (o, SCD, OBS),

where o = (T, F) is a signature, SCD (the schedule) is a finite set of action
expressions over o, and OBS is a finite set of observations over o. The size
of a scenario description is defined as the sum of lengths of all formulae in
scp and OBS. O

Now, we formalise the examples from Section 2.

Example 7 (JLH) The intended conclusion of the following scenario is
that the person is wet at time ¢, and we do not know if the hat is on at
time point ca, occurring after the person jumps.

0BSl [0]hat_on A dry A on_land
scpl  [c1]—on_land{on_land}

scD2 [cq]—on_land = [c1]-dry{dry}
scp3  [c1]—on_land = [ca]{hat_on}
O0BS4 ¢1 >0Acy >y

|

Example 8 (SBL) We have two actions: one for lifting the left side of
the soup bowl and one for lifting the right side. If the actions are not
executed simultaneously, the table cloth will no longer be dry. The intended
conclusion here is ¢y = cy.

oBsl [0]dry

scpl  [c1]leftup{leftup}

SCD2 [cq]—rightup = [c1]~dry{dry}
SCD3  [co|rightup{rightup}

scpd  [co]-leftup = [eo]~dry{dry}
OBS2 [co|dry

OBS3 ¢ >0Acy >0
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3.2 Semantics

For the presentation of the semantics we proceed similarly to the presentation
of the syntax. We begin by defining the semantics of the basic temporal logic.

Definition 9 Let 0 = (7, F) be a signature. A state over o is a function
from F to the set {T,F} of truth values. A history over o is a function h
from R to the set of states. A waluation ¢ is a function from 7 to R. It is
extended in a natural way (as a homomorphism from 7* to R), giving e.g.

B(3t +4.3) = 3(t) + 4.3.

A development, or interpretation, over o is a tuple (h, @) where h is a history
and ¢ is a valuation. O

Definition 10 Let v € A, and let D = (h, ¢) be a development. Define the
truth value of v in D for a time point ¢ € R, denoted D(+,t), as follows (here
we overload T and F to denote both formulae and truth values). Assume
feF, Re{=<,<,>,>haB€T*v,6 €N &€ {AV,—,++} and
7 € {T,F}. Now define

D(1,t) = T

D(f,t) = h(t)(f)
D(aRﬁ,) = ¢(a)Ro()
D(—y,t) = —D(v,t)
D(y®é,t) = D(y, )@D(a,t)
D([a]y,t) = D(v,é(a))-

Two formulae v; and 7, are equivalent iff D(+q,t) = D(y2,t) for all D and
t. A set I' C A of formulae is satisfiable iff there exists a development D and
a time point ¢ € R such that D(v,t) is true for every v € I'. A development
D is a model of a set I' C A of closed formulae iff D(~,t) is true for every
teRandyel. O

Fact 11 For v € A and a € T*, —[a]y is equivalent to [@]—y. For a closed
formula v, D(v,t) = D(v,t') for any t¢,t' € R and development D. O

Thus, if 7 is closed, we can write D(v) instead of D(v,t).

Now we define the semantics of the action expressions based on models
for the basic temporal logic. Inertia (the frame problem) is handled by
identifying all time points where a feature f possibly can change its value.
Then during every interval where no such change time point exists, f has to
have the same value throughout the interval.
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Definition 12 Let D = (h,¢) be a development. An action expression
A = (a,m,Infl €) has effects in D iff D(x) = T. Let f € F, and define
Chg(D,scp, f,t) to be true for a time point ¢ € R iff f € Infl for some
action expression A = (a,m,Infl,e) € SCD that has effects in D, with
¢(a) = t. Note that we can only have Chg(D,SscD, f,t) true for a finite
number of time points for fixed scD and f.

Let T = (o, SCD, OBS) be a scenario description. An intended model of T
is a development D = (h, ¢) where

e D is a model of OBS
e For each A = (a, 7, Infl,€) € SCD that has effects in D, D(e,¢(a)) =T

e For each f € F and s,t € R with s < ¢ such that for no t' € (s,t)
(open interval), Chg(D,scp, f,t') holds, we have h(t')(f) = h(s)(f)
for every t' € (s,t).

Denote by Mod(T) the set of all intended models for a scenario description
T.

A formula v € A is entailed by a scenario description T, denoted T = +,
iff 7 is true in all intended models of Y. Y is satisfiable iff Mod(Y) # 0. O

Fact 13 If T = (0, SCD, OBS) is a scenario description and v € A a formula,
then Y |= v iff (o,scD, 0Bs U {—v}) is unsatisfiable. O

We comment how this is used in our two examples:

e It is intended that JLH is unsatisfiable adding the observation [¢1]dry,
and that neither adding [c3]hat_on nor [c3]—hat_on will make it unsat-
isfiable.

e For SBL, adding ¢y # c; as an observation will make the scenario
unsatisfiable.

4 Complexity Results

4.1 Basic Results

It is no surprise that deciding satisfiability for the basic temporal logic is
NP-hard. Proofs of NP-completeness, on the other hand, depend on the
tractability results.
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Proposition 14 Deciding satisfiability of a set ' C A is NP-hard.
Proof: Propositional logic is a subset of A. O

Corollary 15 Deciding whether a scenario description is satisfiable is NP-
hard. O

That these problems are in NP, and thus are NP-complete, is proved in
Theorem 23 and Theorem 24.
Interestingly, we can strengthen the result considerably.

Theorem 16 Deciding whether a scenario description is satisfiable is NP-
hard, even if action expressions are unconditional and unary, only Horn
observations are allowed, and no disjunctive relations between time points
may be stated.

Proof: Reduction from 3SAT. Let C; = l;; VI;2VI;3 be the clauses of a 3CNF
formula ¢, and v the set of propositional symbols used in ¢. We construct a
scenario description T satisfying the required restrictions as follows. Set

F=vU{p |pen},
T ={s,t}U{tp | p € v},
scp = {(t,T,{p},—p) | p € v} U{{t, T, {p'},p') | p € v},

oBs = {t> s} U{[s]p,[s]-p' | p € v}U
{C(lia) vV C(liz) vV C(li3)},

where C(p) = —[tp]p and C(=p) = ~[tp]p.

We shall use intended models D as models for ¢, interpreting D(t, < t)
as the truth value of p, and so show that T is satisfiable iff ¢ is satisfiable.
First note the facts that in any D € Mod(Y), D(—[tplp’) = D([tp]p), and
that D([tp]p) = D(tp < t).
=) Suppose D € Mod(Y), and consider a clause C; = l;; V l;2 V ;3 in ¢.
By the construction of 0Bs, one of C(l;1), C(l;2) or C(l;3) has to be true in
D, say | = l;1. If | = p, then C(I) = —[t,]p'; thus D([tp]p) is true, and so
is D(t, < t). If | = —p, then C(I) = —[tp]p; thus D([ty]p) is false, and so is
D(t, < t).
<) Suppose ¢ has a propositional model M, and consider a clause C; =
li1 V12 VI3 in ¢. Construct an intended model D of YT by letting features
have values as forced by the scenario, ¢ having the value 0 and s the value
—1, and for each p € v, if p is true in M, then set ¢, = —1, and otherwise
tp = 1. It is clear that the expression C(l;1) V C(l;2) VC(l;3) is true in D. The
result follows, since it is clear that the reduction is polynomial. O
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We now present the key to tractability, which is a linear-programming ap-
proach to temporal constraint reasoning, by Jonsson and Bickstrom [1996].

Definition 17 Let o and 3 be linear polynomials with rational coefficients
over some set X of variables. Then a disjunctive linear relation, DLR, is a
disjunction of one or more expressions of the form o = 3, a # 3, a < (3,
a < 3. A DLR is Horn iff it contains at most one disjunct with the relation
=, <or<.

An assigment m of variables in X to real numbers is a model of a set T'
of DLRs iff all formulae in I' are true when taking the values of variables in
the DLRs. A set of DLRs is satisfiable iff it has a model. O

The following result is the main result of Jonsson and Bickstrom [1996].

Proposition 18 Deciding satisfiability of a set of Horn DLRs is polynomial.
a

Now we restrict the scenario description language and the form of actions.
Furthermore, a structural restriction on scenario descriptions, verifiable in
polynomial time, is imposed. We shall define an encoding function that takes
a Horn scenario description T and returns a set I' of Horn DLRs such that
I is satisfiable iff T is satisfiable.

4.2 Satisfiability of Horn Formulae is Tractable

First, we code Horn formulae as Horn DLRs.

Definition 19 Let [ be a closed literal, and assume the existence of fresh,
unique time point variables ¢¢ for each f € 7 and o € T*. Then C (1) is
defined as follows, assuming R € {=,<,<,>,>} and f € F.

C(T) = rg=0"
C(F) = r0#0"
C(aRp) = TaRB"
Clra=p8) = Ta#p3"
Clra<pB) = Ta>pg"
Clra<pB) = Ta>p"
Clra>pB) = Ta<pf’
Clra>p) = Ta<p?
C(lnlaRB) = C(aRB)
C(lalf) = Tt =0"
C(-laly) = C(la]-y)
Cllaj=f) = "t #0"
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Let v € A be a closed Horn formula, and let 4/ be obtained from ~ by
simplifying away occurrences of T and F. Now 4’ is on the form \/;[;. Then
define C'(7) to be the DLR ¢ = \/; C(l;). Note that ¢ is always a Horn DLR.

Let I' C A be a set of closed Horn formulae, and T the set of all time
point expressions occurring in I'. Then C(T') is defined by

CI) ={C() | yeT}u{CHlfVB#aV[ff) | feF,aBeT}

The second set is called the correspondence equations. Note that the argu-
ment of C in a correspondence equation is equivalent to

[a]f AB=a—[]f.

a

The following result is crucial.

Theorem 20 Let ' C A be a set of closed Horn formulae. Then T is
satisfiable iff C'(I") is satisfiable.

Proof: Let T be the set of time point expressions occurring in I'.

=) Let D = (h, ¢) be a model of I'. We shall construct a model m of C(T).
First set m(t) = ¢(¢) for all t € T. Now all temporal relations from I' are
satisfied in m, since they are directly transferred. For each f € F and o € T,
if h(¢(a))(f) is true, then set m(t§) = 0, otherwise set m(t) = 1. It is clear
that the correspondence equations are satisfied by this definition, and so are
the remaining elements of C(T).

<) Let m be a model of C(T'), Construct an interpretation D = (h, ¢) as
follows. First set ¢(t) = m(t) for all t € 7. It is enough to determine h
for values ¢(a), @ € T, since we have no restrictions on other values. Set
h(#())(f) to be true iff m(t}) = 0. That h is well-defined follows directly
from the correspondence equations, which hold in m. O

Corollary 21 Deciding satisfiability of sets of closed Horn formulae is poly-
nomial.

Proof: It is clear that the transformation C is polynomial. The result
follows from Proposition 18. O

4.3 Satisfiability is in NP

Now we have the results for the proofs of membership in NP for the satisfia-
bility problems of A and of scenario descriptions. First, we need an auxiliary
definition.
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Definition 22 Let I' C A. Then we define -I' = {—v | v € T'}, feat(T) to
be the set of all features occurring in I', linrel(T") to be the set of all linear
relations (which are atomic formulae) occurring in T', and time(T") to be the
set of all time point expressions occurring in I'. O

Theorem 23 Deciding satisfiability of a set I' C A is NP-complete.
Proof: By Proposition 14, it remains to prove that the problem is in NP.
Let I' C A be a set of formulae. A few auxiliary definitions will be needed
for the proof.

Let F = feat(T"), L = linrel(T"), T = time(T'), let t be a fresh time point
variable, set

AT ={[a]f |a e TU{t}AfEF}UL,
and
A =ATu-AT.

We say that a set W C A’ is a syntactic A-interpretation iff for any ¢ € AT,
exactly one of ¢ and —¢ is a member of W.

Next, we define a way to evaluate a formula v € A in a syntactic A-
interpretation, following Definition 10. Let v € A. We define the truth
value of v in W for o’ € T*, denoted W (v, '), as follows. Assume f € F,
Re{=<,<,>>}L a,BET* v, 0 €A, and @ € {A,V,—, <}

e W(T,o) =

=

F,a) =

(

(

(f;) = (([d]f7 e W)
W (aRB,a') = ("aRB™ € W)

(—y

(

w(

=

=

~a) =W (r,a)
18 8,0) = W(y,a) & W(5,)

[a]y, o) = W(y,a)

It is clear that W (v, ') is always defined for v € A. Thus we can say that
a syntactic A-interpretation W is a syntactic A-model of a set T' of formulae
iff W is satisfiable, and for all v € ', W (y,t) is true.

If we can prove that whenever I' is satisfiable, then there exists a syntactic
A-model W of T, and vice versa, then NP-membership will follow, since

=
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the size of W is polynomial in the size of I"

it can be checked in polynomial time whether W is a syntactic A-
interpretation or not

e W(y,a') can easily be computed in polynomial time

by Corollary 21, checking satisfiability of a set of closed Horn formulae
is polynomial, and thus checking satisfiability of W is polynomial.

=) Suppose that I" is satisfiable, i.e. that for some ¢ € R, I(~,t) = T for all
v € I'. Construct a syntactic A-interpretation W from I = (h, ¢) by first
setting I' = (h,¢'), where ¢'(s) = ¢(s) for all s € T — {t}, and ¢'(t) = ¢,
and then defining

W={6cd |I'6)=T).

It remains to check that W is satisfiable, and that W(y,t) =T for all y € T".
W is trivially satisfiable, since by construction I’ is a model of W. We
prove by induction on v that W(y,a') = I(v,¢'(a')) for all v € A and
o' € T U {t}; thus W(y,t) =T for all y € T.
First, the basis cases: If v = T or v = F, the result is immediate. If y = f
for f € F, then

W(77al) =

= W(f’al)
("[e]frew)
= I'([o]f)
= I(f,¢'(c)).

Ify=aRB for a, € T* and R € {=,<,<,>,>}, then

W(77al) =
= W(aRB,d)
= (TaRB e W)
= TI'(aRB,¢'(a'))

Now, the induction: If v = -4, then

W(y,a') =
= W(=4,a’)
= =W(4d)
= =I(4,¢'()) induction
= I(-6.¢'().
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If v =61 ® 62 for & € {A,V,—, <>}, then

W(’Yval) =
= W(51 ) (52,0{')
= W(élval) 69W/v((s%a,)
= I(61,¢' () ® I(d2,¢'(/)) induction
= I(61 ® 6, ¢' ().

W ([a]é, o)
= W(,a)
= I(4,¢' () induction

= I([e]d, ¢'(a)).

<) Suppose that W is a syntactic A-model of ', i.e. that W is a satisfiable
syntactic A-interpretation, and W(~,t) = T for all v € T'. Let I = (h, ¢)
be a model of W (note that W contains only closed formulae). We need to
show that I(y,¢(t)) = T for all v € T. By induction we prove the stronger
result that I(vy,¢(a')) = W(y,d') for all y € A and o/ € T U {t}.

First, the basis cases: If ¥ = T or v = F, the result is immediate. If y = f
for f € F, then

I(v, ¢(e')) =

= I(f,¢(a"))
= I([']f)

= (Tllf7ew)
= W(f,a).

Ify=aRB for o, € T* and R € {=,<,<,>,>}, then

I(7,¢(")) =
= I(aRB,¢(d))
= (aRBeW)
= W(aRg,d).

Now, the induction: If v = =4, then
I(v,¢(")) =
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If v =61 ® 62 for & € {A,V,—, <>}, then

I(v, (")) =
= I(6 ® 92, 9(a"))
= I(61,9(')) ® I(d2, ()
= W(dl,o/) D W(dz,a’)
= W(6 & dy,).

Thus the result follows. O

Theorem 24 Deciding whether a scenario description is satisfiable is NP-
complete.
Proof: By Corollary 15, it remains to prove that the problem is in NP. Let
T = (0,5C0D, OBS) be a scenario description. A few auxiliary definitions will
be needed for the proof.

Define the set A of formulae by

A =0BSU{"m — [a]e" | (o, 7, Infl,€) € SCD},
let T = time(A), F = feat(A), L = linrel(A), and define
A'={aRB|a,BETARE {=,<,>}},
AT ={[a]f |a e TAfEF}ULUA
and
A'=ATU-A".

We say that a set W C A’ is a syntactic scenario interpretation iff for any
¢ € AT, exactly one of ¢ and —¢ is a member of W.

By employing exactly the same method as in Theorem 23, we can define
the truth value in W of a formula v € AU A’; denoted W (7y) (no temporal
parameter is needed, since all formulae in A U A’ are closed). Exactly as in
Theorem 23, W satisfies the following:
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e If I is a model of A UA’, and we set
W={5eA|I) =T}

then W is a syntactic A-model of A U A’, and I is a model of W.

e If W is a syntactic A-model of A U A’ which is satisfiable by an inter-
pretation I, then I is a model of A U A’.

Two more auxiliary definitions are needed, for W being a syntactic scenario
interpretation.

First, let o, 8 € W. Then we say that « precedes 8 in W, written o <1 3,
ifa<pBeW,andforno 3 €T,a< B € W and 8’ <8 €W holds. If for
no o, o/ <3, we write —oo < 3, and if for no ', a <1 3, we write a <1 co.

Second, W is a syntactic scenario model of the scenario description Y iff
the following holds:

e W is a syntactic A-model of A

e For each f € F and «, 8 € T such that o<1 in W, if there is no action
expression (3, , Infl,€) € SCD with f € Infl for some 7, Infl and e,
then [o]f € W iff [B]f € W.

Now, the following remains in order to prove the result of the theorem:

e If T is satisfiable, then there exists a syntactic scenario model W for
T

e If there exist a syntactic scenario model W for T, then T is satisfiable.
This would suffice for proving NP-membership, due to the following facts:
e The size of W is polynomial in T

e It can be checked in polynomial time whether W is a syntactic A-model
of AU A’ or not by the same argument as in Theorem 23

e Checking the second condition of the definition of syntactic scenario
model is polynomial, since we can start by sorting elements of 7' by the
order imposed on T by W (a comes before g iff « < 8 € W), and then
proceed with the simple checks of scD, which is obviously polynomial.
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=) Suppose that T is satisfiable with an intended model D = (h, ¢). Now
D is a clearly a model of A, and we can set

W ={6cA | D@ =T}

Clearly W is a syntactic A-model of A. It remains to check the second
condition in the definition of syntactic scenario model. Take f € F and
a, B € T satisfying the required conditions, and suppose there is no action
expression (3,7, Infl, e) € sCD such that f € Infl. By the definition of T
and our assumption, we cannot have that Chg(D,scD, f,t') is true for any t'
with D(a) < t' < D(8). Since there are only finitely many points where Chg
is true, we can choose a time point ¢ > D(3) such that for no s € [D(g),t"),
Chg(D,scD, f,s) is true. Now, the definition of intended model yields that
[a]f is true iff [3]f in D, and by the definition of W, that [a]f € W iff
Blf e W.

<) Suppose that W is a syntactic scenario model for T, which is satisfied
by a model I = (h,¢). We construct an intended model D = (h’, ¢) from
I as follows. For each feature f € F do the following. First for each «
such that —oco <« in W, set h'(¢)(f) = h(¢(a))(f) for every t < ¢(a).
Then for each «,3 with a < 8 in W, set h'(t)(f) = h(¢(a))(f) for every
t such that ¢(a) < t < ¢(B). Finally, for each a such that a < oo, set
h(t)(f) = h(éd(a))(f) for every t > ¢(a). It is clear that A’ is defined for
every f and t. It remains to verify that D is an intended model for T.

Since W is a syntactic scenario model for T, it is also a syntactic A-model
of A. By the fact that I is a model of W, and since D and I agree on the
values of all time point expressions in 7, D is also a model of W, and by
what we know about syntactic A-interpretations, D is a model of A. Thus,
what is left to verify is the second condition in the definition of intended
model.

For this purpose, let f be a feature and s, € R with s < ¢, such that
for no t' € (s,t), Chg(D,scD, f,t') holds. We want to prove that A'(t')(f) =
h'(s)(f) for every t' € (s,t). Suppose to the contrary that for some ¢’ with
s <t <t, M{#')f) # b (s)(f). It is easy to see that by the construction
of D from I, this cannot hold, and we have a contradiction. Thus D is an
intended model of T. O

4.4 Tractable Scenario Descriptions

Using Corollary 21, we see that if we can code scenario descriptions into sets
of Horn formulae, we will have a polynomial algorithm for reasoning with
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scenario descriptions. In order to obtain such a result, we need to restrict
what scenario descriptions are allowed.

The strategy can briefly be described as follows: we identify all obser-
vation time points which bind a feature value and all time points where
an action expression possibly can change a feature value. Then we connect
bound literals with biconditionals, between time points where the literal
value should not change. For example, if some action expression changes the
value of the feature f at time point «, there exists a v € 0BS which binds f
at a time point 3, a < 3, and no changes of the value of f occurs between o
and (3, then [a]f > [B]f should be added to the theory. This formula can be
rewritten in Horn form. The example represents one of the six cases (case
3). The other cases are similar.

The restrictions are basically two: First we will have to represent action
expressions as Horn formulae (restricted action expressions). Second, the
scenario descriptions must be ordered; for example, we could not remove the
restriction a < @ in the example above.

Definition 25 Let T = (0,SCD,0BS) be a scenario description. For each
f € F, define

E¢ ={a | (o, m,Infl,e) € SCDA f € Infl}
and

Cr={a|abinds finyAyeO},
for

O =oBsU{r | (¢/,7,Infl, €) € SCD}.

E; is ordered iff for o, 3 € Ey, exactly one of « < 8, o = f and a > (8 is
consistent with? oBs. For o, 8 € E¢, E; ordered, we define o <y B iff o < 8
is consistent with OBS and for every v € Ef, a <y < (3 is inconsistent with
0BS, —oo <y « iff for no B € Ey, B < a is consistent with OBS, and a < 0o
iff for no 8 € Ey, a < (3 is consistent with OBs.

Let « € Ef, 3 € T*, and define a <y B iff o < 3 is consistent with
OBS, a > 3 is inconsistent with OBS, and for every v € Ey, a < v < B is
inconsistent with 0BS. Also define —oo <y 3 iff for every a € Ey a < § is
inconsistent with OBS.

%A formula « is consistent with a set T' iff T U {v} is satisfiable.
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If for all f € F, E; is ordered, and for all w € Cf, a <5 w for some
a € Ef U{—oo}, then T is ordered. The last condition says that for each
observation of a feature f, there is a unique change of f which sets its value,
or it precedes all changes of f. O

Proposition 26 Testing whether a scenario description Y is ordered is poly-
nomial, if OBS is Horn.

Proof: For the orderedness of Ef, check for each feature that all pairs of
result time points satisfy the condition. Since 0BS is Horn, Corollary 21
guarantees that this can be done in polynomial time. The check for < is
polynomial in the same way. O

Definition 27 Let A = (o, 7, Infl,€) be an action expression. Then A is
restricted iff either of the following holds:

e 71 is T and € is a conjunction of propositional Horn formulae

e 7 is a disjunction of negative literals, and ¢ is either T, or a conjunction
of negative literals.

An ordered scenario description T = (o, SCD, OBS) is restricted iff every ac-
tion expression in SCD is restricted and OBS is Horn. A restricted scenario
description is normal iff it is ordered, and for every action expression A € SCD
either of the following holds:

e 7 is T and € is a propositional Horn formula,
e 7 is a negative literal and € is either T or a negative literal.

a

Of the two examples previously stated, Example 7 is restricted (break-
ing apart the conjunction of the first observation into separate formulae),
whereas Example 8) is not, which is easy to verify (the second one fails to
be ordered).

The following result will make the forthcoming proofs easier.

Proposition 28 Let T be a restricted scenario description. Then we can
construct an equivalent normal scenario description Y’ in polynomial time.
Proof: We note that a restricted action expression

A = (a,m,Infl, €) € SCD
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where m = \/,l; is equivalent to replacing it by one action expression
(o, =l;, Infl,€) for each disjunct in 7. Similarly, a restricted action ex-
pression A = (o, m,Infl, \; ¢;) can be split into action expressions 4; by
A; = (a,m,Infl, ¢;) (or even easier if ¢ = T), and obtaining the same set of
intended models. The transformation is clearly polynomial.

Orderedness is preserved, since we do not change the order in which
features are changed. O

Thus, we can assume that our restricted scenario descriptions are normal.
Next, we define the function ® which transforms scenario descriptions into
sets of Horn formulae.

Definition 29 First let A = (a, 7, Infl,€) be a normal action expression.
We have three cases for ®:

o If m =T and € =/, ; is propositional Horn, then define
®(A4) = {\/[e]l;}
J

e If = -l and € = T, then define
B(A) =10

e If 1 = -l and € = —m, then define
®(A) ={lV [a]-m}.

The restriction to normal action expressions should be clear; it implies that
®(A) is Horn. For a set S of action expressions, define

3(S) = | ®(4).

AeS

Let T = (o, SCD, 0BS) be a restricted scenario description with o = (T, F),
and without loss of generality, assume that each feature in F occurs in SCD
or OBS. Also let b be a fresh time point variable (b standing for “beginning”),
and for each f € F, add a new feature f’. A few construction steps (basically
corresponding to the possible relations between time points in E¢ and Cfy)
are necessary. We provide the intuitions behind the constructions as we
present them.
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L. I'' =0BsU®(scp)U{b<a|aec EsUCy, f e F}.

The observations, the transformed action expressions, and an initial
time point are added.

2. Ty = {=[a]f V[blf,[alf vV =[bIf | f € Fra€ Cp, =00 <5 e}

No action expression influences f before o where it is bound by an
observation, therefore f should have the same value at b as at a. Note
that the members of I'y each are equivalent to []f <> [b]f.

3. I3 = {_'[a]f \ [B]fa [Ol]f \ _'[B]f | f € ]'-,Ct € Efvﬂ € Cf,Ol <<f B}
f is influenced at a and bound by an observation at a later time point

B. No actions have effects between a and 3, therefore f should have
the same value at 3 as it had at a.

4. Ly = {=[olf'V[If,[adf'V -[bf | f € F,o € Ep,—00 <f a}.
This case resembles case 2, with the difference that f is influenced at «.
Therefore, we introduce a new feature symbol f’' which has the same

value at « as f has at b. The new symbols will be handled properly
below, in case 6.

5. L5 = {-[ef VIBIf[alf V-IBIf' | f € F,a,B € Ef,a <5 B}

This relates to case 3, just as case 4 relates to case 2.

6. Since E; is ordered, we can form equivalence classes T;" of time points
for o € Ey by

Tf = {B € Ey | @ = j is consistent with oBs}.
For each o € Ey, define
Py ={m | (8,7, Infl,e) €SCD A f € Infl A B € Tf'}.
Now set
Lo ={\/ PV -lelf VIalf',\/ P§ v =lalf' V[elf | a € Ey}.

First note that this set is equivalent to the set

{=V P = (lalf & [adf') | a € Ey}.
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Here we ensure that when actions do not have effects, f will have the
same value as it had the last time it was changed. This value is held
by the feature f'.

Now finally set
®(T) =TI
i
It is clear that the transformation performed by & is polynomial. O

Theorem 30 Let T be a restricted scenario description, and set I' = C(®(7T)).
Then T is satisfiable iff I' is satisfiable.

Proof: We start by defining a set I which is satisfiable iff T is, by first
defining sets I'; for ¢ € {1,...,6}, giving I = U; ;< ['i:

LT =0,

2. Ty ={[a]f & [bf | f € Fya € Cf,—00 <5 a}

3. Ty ={la]f < [BIf | f € F,a € E,B € Cp,a <y B}

4. Ty = {la]f' ¢+ B]f | f € F,a € By, —00 <y a}

5. Ty ={lo]f © [BIf'| f € F,,8 € Ef,a <y B}

6. T6 = {=(Vim) = ([elf © [alf') | T & {m} =P§,a € Ef}.

It is easy to see that each I'; is satisfiable iff the corresponding T'; is.
=) Suppose T is satisfiable by an intended model D = (h,¢). We first
construct a new interpretation D' = (h', ¢') as follows.

e Define ¢' by setting ¢/'(s) = ¢(s) for all s € T — {b}, and ¢'(b) =
min{¢(a) | a € T} — 1.

e For each feature f, set h'(t)(f) = h(t)(f).

e For each feature f, introduce a new feature f’, and define h'(¢)(f') so
that the formulae in Iy and 'y are all true. It is clear that this is
possible, since these are essentially definitions.

We want to prove that D’ is a model of T'. This is done by checking for every
i €{l,...,6}, that D' is a model of I';.



166

1. For '}, all formulae in OBs are true in D', by definition. Furthermore,
all formulae in ®(scp) will be true, since these code exactly the condi-
tions required by an intended model, in terms of actions. Furthermore,
we have set ¢'(b) to be strictly smaller than the value of every time
point expression used, so everything in the last part of '} will be true
in D'

2. T, says that for each observation or action precondition involving a
feature f that is not preceded by any effect on the feature f, the value
will be the same as the value at b. Since the value of b in D’ is less
than every time point expression used, this amounts to strict inertia
in each f at all time points before the first change in f. This is clearly
satisfied in D', since it inherits this property from the intended model
D.

3. 'y says that for any feature f, observations and action precondition in-
volving f coming directly after changes of f with no change in between,
f should retain its value from the change. This is the same as inertia,
which is clearly satisfied in any intended model, and is inherited from
D.

4. T, is satisfied by construction.
5. Iy is satisfied by construction.

6. 'y says that if none of the actions which can cause a change in f at «
has a true precondition, then f and f’ coincide at o € Ey. Since by
the definitions of the f’ formulae, if 8 € Ef, then f’ is always forced
to have the value at 8 that f had just before it changed at 3; this just
amounts to inertia, which holds for f by construction.

<) Suppose I' is satisfiable by a model I = (h, ¢). We construct an intended
model D = (h', ¢) of T from I as follows. Start by removing all features f' for
features f. Then for each feature f, do the following. First, for each o € Ey
such that —co < «, set A'(t)(f) = h(4(b))(f) for each ¢ such that t < ¢(cv).
Then for each «, 3 € Ef such that o <7 3, set h'(t)(f) = h(¢())(f) for
each ¢ such that ¢(a) < ¢t < ¢(B). Finally, for each a € Ey such that
a <5 oo, set h'(t)(f) = h(¢p(a))(f) for each t > ¢(). It is clear that h' is
defined for every ¢ and f, and that by construction, for each f and o € Ey,
h(p(a))(f) = h'(p())(f). Tt remains to verify that D is an intended model
of T.
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First note that D is still a model of Ty UT% UTY%, since the truth of all
these formulae is preserved by the transformation from I to D. Thus, D is a
model of OBS, since all values used to evaluate the truth of formulae in OBS
are identical in I and D, due to D being a model of I'y and T'%.

For the second condition of the definition of intended model, note that
the set

A ={"1— [a]e"| (a, 7, Infl, €) € SCD}

is satisfiable iff ®(scD) is, by construction, and that this is equivalent to the
second condition being satisfied. Thus, since I is a model of ®(scp), I is
also a model of A. It remains to check that D is also a model of A. Exactly
as for the previous condition, the truth values of the ¥ component will not
change from I to D. Furthermore, by construction, D will have the same
values as I on the [a]e expressions, since values of features f at time points
a € Ef are the same in D and I. Thus D is also a model of A.

Now the proof for the third condition. Suppose that for a feature f
and time points s,t € R with s < ¢, we have that for no t' € (s,t),
Chg(D,scp, f,t') holds, but h'(t')(f) # h'(s)(f) for some t' € (s,t). Now,
it has to hold that ¢’ = ¢(a') for some o/ € Ey, by the construction of D.

First suppose —oo <j «a'. By the construction of D, we have that
W(s)(f) = B (6(8))(f), and that K'($(8))(f) = h(6(b))(£), and thus h'(s)(f) =
h(¢(b))(f). Since I is a model of Ty, h(¢(a’))(f') = h'(s)(f); so by assump-
tion, h(o(a))(f') # h'(¢(c’))(f), and by the construction of D, it holds that
h(p(a")(f') # h(d('))(f). I is a model of I'y; thus —|VP;"' must be false
in I, and so 7 is true in I for some (o/, 7, Infl,€) € SCD with f € Infl. But
this means that Chg(D,scp, f,t'), a contradiction.

Then suppose o <y o' for some a € Ey. It will suffice to find a con-
tradiction for s = ¢(a), so we make this assumption. Now, by the con-
struction of D, we have that h'(¢())(f) = h(é(a))(f), and thus A'(s)(f) =
h(¢(a))(f). Since I is a model of T'y, h(p(c’))(f') = h'(s)(f); so by assump-
tion, h(o(a))(f') # h'(¢(c’))(f), and by the construction of D, it holds that
h(p(a")(f') # h(d())(f). I is a model of I'y; thus —|VP}"' must be false
in I, and so 7 is true in I for some (a’, 7, Infl,€) € SCD with f € Infl. But
this means that Chg(D,scD, f,t'), a contradiction. The result follows. O

Theorem 31 Deciding satisfiability (and entailment) for restricted scenario
descriptions is polynomial. O
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5 Discussion

One piece of related work is the approach by Schwalb et al. [1994] to reason-
ing about propositions being true at time points. Their choice for obtaining
an algorithm is to code both propositions and temporal relations into propo-
sitional logic, whereas we do the opposite. However, their tractable inference
algorithm is not complete, and they define no measure on when the correct
inferences will be obtained, so it is very difficult to relate it to our approach.
Furthermore they cannot handle inertia adequately: there, propositions may
always change when actions are performed, but certainly this is undesirable
if actions which do not affect all features are used.

In this paper our concern has been computational complexity for rea-
soning about action. It is important to note that although we have pro-
vided polynomial algorithms for the reasoning tasks, these can hardly be
considered efficient. The important results, however, are that there exist
polynomial algorithms; the next obvious step is to also make them fast. For
efficient implementation, there is one direction we are particularly interested
in investigating: since the technique used for achieving tractability can be
described as an encoding of our logic as temporal constraints for which there
is a tractable algorithm for determining satisfiability, it should be possible to
do something similar for other tractable temporal algebras, for example those
identified by Drakengren and Jonsson [1996, 1997]. Also, an algorithm for
a purely qualitative scenario description language (i.e. not involving metric
time) would probably have a faster satisfiability-checker.

We have shown that satisfiability of scenario descriptions is NP-complete
within our formalism. We feel that it would be a mistake to interpret this
negatively. On the contrary, one could argue (in lines with [Gottlob, 1996])
that this would imply that many approximations, powerful heuristics and
non-trivial tractable subsets of problems for reasoning about action remain
to be found. This paper is a step on the way in this endeavour.

6 Conclusions

We have presented a temporal logic and an extension for reasoning about
action from which tractable subsets have been extracted. This has been
done with an encoding of the logic to Horn DLRs. The formalism is nar-
rative based with continuous time, and the world is modelled with scenario
descriptions consisting of action expressions and observations. It is possible
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to model nondeterminism, concurrency and memory of actions. Time is rep-
resented using linear polynomials with rational coefficients over real valued
variables.
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A Complete Classification of Tractability in
RCC-5

Peter Jonsson and Thomas Drakengren

ABSTRACT

We investigate the computational properties of the spatial algebra RCC-5
which is a restricted version of the RCC framework for spatial reasoning.
The satisfiability problem for RCC-5 is known to be NP-complete but not
much is known about its approximately four billion subclasses. We provide
a complete classification of satisfiability for all these subclasses into polyno-
mial and NP-complete respectively. In the process, we identify all maximal
tractable subalgebras which are four in total.
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1 Introduction

Qualitative spatial reasoning has received a constantly increasing amount
of interest in the literature. The main reason for this is, probably, that
spatial reasoning has proved to be applicable to real-world problems in, for
example, geographical database systems [Egenhofer, 1991; Grigni et al.,
1995] and molecular biology [Cui, 1994]. In both these applications, the
size of the problem instances can be huge, so the complexity of problems
and algorithms is a highly relevant area to study. However, questions of
computational complexity have not received so much attention in the liter-
ature; two notable exceptions are the results reported by Nebel [1995] and
Renz and Nebel [1997]. In this article we take a small step towards a better
understanding of complexity issues in qualitative spatial reasoning.

A well-known framework for qualitative spatial reasoning is the so-called
RCC approach [Randell and Cohn, 1989; Randell et al., 1992]. This ap-
proach is based on modelling qualitative spatial relations between regions
using first-order logic. Of special interest, from a complexity-theoretic stand-
point, are the two subclasses RCC-5 and RCC-8. It is well-known that both
RCC-5 and RCC-8 have quite weak expressive power. Although they can
be used to describe spatial situations, they are very general and should per-
haps better be described as topological algebras. However, we will denote
these algebras as spatial algebras in order to avoid terminological confusion;
the term topological algebra has a well-established but completely different
meaning in mathematics [Mallios, 1986].

Bennett [1994] has shown the sufficiency of using propositional logics
for reasoning about RCC-5 and RCC-8. Hence, the reasoning becomes
more efficient when compared to reasoning in a full first-order logic. Ben-
nett’s approach uses classical propositional logic for RCC-5 and intuitionistic
propositional logic for RCC-8. Unfortunately, these logics are known to be
computationally hard. The satisfiability problem for classical propositional
logic and intuitionistic propositional logic is NP-complete [Cook, 1971] and
PSPACE-complete [Statman, 1979] respectively. However, the complexity of
the underlying logic does not carry over in both cases; Renz and Nebel [1997]
have shown that the satisfiability problem for both RCC-5 and RCC-8 is NP-
complete. The full proofs can be found in [Renz, 1996].

These findings motivate the search for tractable subclasses of RCC-5 and
RCC-8. Nebel [1995] showed that reasoning with the basic relations in RCC-
8 is a polynomial-time problem. Renz and Nebel [1997] improved this result
substantially by showing the following results:
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e There exists a large, maximal subclass of RCQ—S, denoted ﬁg, which
contains all basic relations and is polynomial. Hg contains 148 elements
out of 256 (58%).

e There exists a large, maximal subclass of RCC-5, denoted ﬁg,, which
contains all basic relations and is polynomial. ﬁg, contains 28 elements
out of 32 (87%). Furthermore, this is the unique, maximal subclass of
RCC-5 containing all basic relations.

We will concentrate on RCC-5 in this article. The main result is a com-
plete classification of all subclasses of RCC-5 with respect to tractability.
The classification makes it possible to determine whether a given subclass is
tractable or not by a simple test that can be carried out by hand or automat-
ically. We have thus gained a clear picture of the tractability borderline in
RCC-5. As is more or less necessary when showing results of this kind, the
main proof relies on a case analysis performed by a computer. The number
of cases considered was roughly 4 x 10%. The analysis cannot, of course, be
reproduced in a research paper or be verified manually. Hence, we include
a description of the programs used. The programs are also available as an
on-line appendix to this article.

The structure of the article is as follows: Section 2 defines RCC-5 and
some auxiliary concepts. Section 3 contains the tractability proofs for three
subclasses of RCC-5. In Section 4 we show that these subclasses together
with 75 are the only maximal tractable subclasses of RCC-5. The article
concludes with a brief discussion of the results.

2 The RCC-5 Algebra

We follow Bennett [1994] in our definition of RCC-5. RCC-5 is based on
the notions of regions and binary relations on them. A region p is a variable
interpreted over the non-empty subsets of some fixed set. It should be noted
that we do not require the sets to be open sets in some topological space.
This is no limitation since it is impossible to distinguish interior points from
boundary points in RCC-5. Thus we can take any set X and use the discrete
topology T = (X, 2%), where every subset of X is an open set in 7.

We assume that we have a fixed universe of variable names for regions.
Then, an R-interpretation is a function that maps region variables to the
non-empty subsets of some set.
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Given two interpreted regions, their relation can be described by exactly
one of the elements of the set B of five basic RCC-5 relations. The definition
of these relations can be found in Table 1. Figure 1 shows 2-dimensional
examples of the relations in RCC-5. A formula of the form X BY where X
and Y are regions and B € B, is said to be satisfied by an R-interpretation
iff the interpretation of the regions satisfies the relations specified in Table 1.

To express indefinite information, unions of the basic relations are used,
written as sets of basic relations, leading to 2° binary RCC-5 relations. Nat-
urally, a set of basic relations is to be interpreted as a disjunction of the basic
relations. The set of all RCC-5 relations 2B is denoted by Rs. Relations of
special interest are the null relation @ (also denoted by 1) and the universal
relation B (also denoted T).

A formula of the form X{By,...,B,}Y is called an RCC-5 formula. Such
a formula is satisfied by an R-interpretation & iff X B;Y is satisfied by &
for some i, 1 < i < n. A finite set ® of RCC-5 formulae is said to be R-
satisfiable iff there exists an R-interpretation & that satisfies every formula
of ©. Such a satisfying R-interpretation is called an R-model of ©®. Given
an R-interpretation & and a variable v, we write &(v) to denote the value
of v under the interpretation .

The reasoning problem we will study is the following:

INSTANCE: A finite set © of RCC-5 formulae.
QUESTION: Does there exist an R-model of ©7

We denote this problem by RSAT. In the following, we often consider re-
stricted versions of RSAT where the relations used in formulae in © are only
from a subset S of Rs. In this case we say that © is a set of formulae over
S and we use a parameter in the problem description to denote the subclass
under consideration, e.g., RSAT(S). Note that an RSAT problem instance
can be represented by a labelled directed graph, where the nodes are region
variables and the arcs are labelled by relations between variables. Given an
instance © of RSAT, we say that such a graph is a graph representation of
0.
We continue by defining an algebra over the RCC-5 relations.

Definition 2.1 Let B = {DR,P0,PP,PPI,EQ}. The RCC-5 algebra consists
of the set Rs = 2B and the operations unary converse (denoted by ~), binary
intersection (denoted by N) and binary composition (denoted by o). They
are defined as follows:
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X{DR})Y if XNY =0

X{po}Y iff da,bc:a€X,ag¢Y,beX,beY,cZ X,ceY
X{PP}Y iff XCVY

X{PPI}Y iff XOV

X{EQ})Y iff X=VY

Table 1: The five basic relations of RCC-5.

©
58000

DR(X,Y) PO(X,Y) PP(X,Y) PPI(X,Y) EQ(X,Y)

Figure 1: Pictorial example of the relations in RCC-5.

VX,Y: XR-Y iff YRX
VX,Y: X(RNS)Y if XRY AXSY
VX,Y: X(RoS)Y iff 3Z:(XRZAZSY)

If S is a subset of R5, S is said to be a subalgebra of RCC-5 iff § is closed
under converse, intersection and composition. It can easily be verified that
RoS = U{BoB'|B € R,B' € S}, i.e., composition is the union of the
component-wise composition of basic relations.

Next, we introduce a closure operation. The closure operation transforms
a given subclass of Rs5 to one that is polynomially equivalent to the original
subclass with respect to satisfiability. The operation is similar to the closure
operation for RCC-5 introduced by Renz [1996] but it does not pose the
same restrictions on the given subclass. (Renz’s operation requires {EQ} to
be a member of the subclass to be closed.)

Definition 2.2 Let S C R5. Then we denote by S the closure of S, defined
as the least subalgebra containing S closed under converse, intersection and
composition.

Observe that a subset S of Rs is a subalgebra iff S = S.
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The next lemma is given without proof. A proof of the analogous result
for Allen’s algebra can be found in Nebel and Biirckert [1995].

Lemma 2.3 Let S C Rs. Then RSAT(S) can be polynomially transformed
to RSAT(S) and vice versa.

Corollary 2.4 Let S C Rs. RSAT(S) is polynomial iff RSAT(S) is poly-

nomial. RSAT(S) is NP-complete iff RSAT(S) is NP-complete.

3 Tractable Subclasses of RCC-5

We begin this section by defining four tractable subalgebras of RCC-5, which
can be found in Table 1. Later on, we show that these algebras are the
only maximal tractable subalgebras of RCC-5. The tractability of the first
algebra, R2%, has been established by Renz and Nebel [1997]. The name R2®
reflects the fact that the algebra contains 28 elements.

Theorem 3.1 RSAT(R2%) is polynomial.

The tractability of our second algebra, R2%, can be settled quite easily. The
algorithm can be found in Figure 2.

Lemma 3.2 Let © be an instance of RSAT(R2?). The algorithm A2° ac-
cepts on input O iff ® has an R-model.

Proof: if: We show the contrapositive, i.e., if A2° rejects then © has no R-
model. Clearly, the satisfiability of © is preserved under the transformations
made in lines 7-10. Note that if XRX € © then EQ € R if © is satisfiable.
Thus © is not satisfiable if the algorithm rejects in line 5. Similarly, © is
not satisfiable if the algorithm rejects in line 6.

only-if: Consider the set © after the completion of line 11. We denote this
set by ©'. Obviously, ©' is satisfiable if the initial © was satisfiable. Also
observe that line 7 ensures that ©' does not relate any variables with EQ.
Furthermore, line 8 guarantees that there is at most one relation that relates
two variables.

Now, we construct an R-model M for ©' as follows: Let V be the set
of variables in ©'. Let M assign non-empty sets that are pairwise disjoint
to the members of V. Let U = Uxcy M(X). Introduce a set of values
U'={axy | X,Y € V} satisfying the following:
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| | R3® | RS | R5" | RS" |
1

{DR}

{P0}
{DR,PO}
{PP}
{DR,PP}
{PO,PP}
{DR,PO,PP}
{PPI}
{DR,PPI}
{PO,PPI}
{DR,PO,PPI}
{PP,PPI}
{DR,PP,PPI} °
{PO,PP,PPI}
{DR,PO,PP,PPI}
{EQ}

{DR, EQ
{P0,EQ}
{DR,PO,EQ}
{PP,EQ}
{DR,PP,EQ}
{PO,PP,EQ}
{DR,PO,PP,EQ}
{PPI,EQ}
{DR,PPI,EQ}
{PO,PPI,EQ}
{DR,PO,PPI,EQ}
{PP,PPI,EQ}
{DR,PP,PPI,EQ} °
{PO,PP,PPI,EQ} °
T ° °

Table 1: The maximal tractable subalgebras of RCC-5.

l.axy =azw it X =Z and Y = W; and
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2. for arbitrary X,Y €V, axy ¢ U.

For each relation of the type X {P0}Y or X{P0,EQ}Y, extend the sets M (X)
and M(Y') with the element ax y.

Clearly, two sets X,Y are disjoint (and are thus related by DR) under M
unless X{P0}Y or X{P0,EQ}Y is in ©. But in these cases, X and Y must
not be disjoint. In fact, by introducing cx v, we have forced X {P0}Y" to hold
under M which satisfies formulae of the type X{P0}Y as well as formulae
of the type X{P0,EQ}Y. Hence, M is an R-model of ®" which implies the
R-satisfiability of ©. O

Theorem 3.3 RSAT(R2%) is polynomial.

Proof:  Algorithm A2° correctly solves the RSAT(R2®) problem by the
previous lemma. Furthermore, the number of iterations is bounded from
above by the number of variables and the number of formulae in the given
instance and the tests can easily be performed in polynomial time. O

Next we show the tractability of RSAT(RL").
Theorem 3.4 RSAT(RL") is polynomial.

Proof: Consider the algorithm A7 in Figure 2. If there exist X,Y such
that X 1Y € © then © is not satisfiable. Otherwise, we can let all variables
have the same value. Since EQ is a member of every relation that occurs in
O, this interpretation is an R-model of ©. O

We continue by proving that RSAT(RL?) is a tractable problem. Let

R? = {{PP,EQ}} U{RU {PP,PPI} | R € Rs}.

Using a machine-assisted proof, it can be shown that Ri* = R? so it is suffi-
cient to prove the tractability of RSAT(R?) by Corollary 2.4. The program
that we used for showing this is available as an on-line appendix to this
article.

From now on, let ©® be an arbitrary instance of RSAT(R?) and G =
(V, E) be its graph representation. The following proofs are similar in spirit
to some of the proofs appearing in Drakengren and Jonsson [1996]. The
algorithm itself is reminiscent of an algorithm by van Beek [1992] for deciding
satisfiability in the point algebra.
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1 algorithm A2°
2 Input: An instance © of RSAT(R2?).
3 repeat
4 0O +06
5 if AX,R: XRX € © and EQ € R then reject
6 if 3X,Y: X1Y € © then reject
7 if 3X,Y : X #Y and X{EQ}Y € © then substitute ¥ for X in ©
8 if 3IX,Y,R,S: XRY € O and XSY € © then
9 ©«+ (00— {XRY,XSY}) U{X(RNS)Y}
10 if IX,R: XRX € © and EQ € R then © + © — {XRX}
11 until © =6’

12 accept
1 algorithm A'7
2 TInput: An instance © of RSAT(RLT).
3 if 3X,Y such that X 1Y € © then reject
4 else accept

1 algorithm A°
Input: An instance © of RSAT(R?) with graph representation G.
Let G' be the graph obtained from G by removing arcs which are not
labelled {PP,EQ}.
Find all strongly connected components C' in G’
for every arc e in G whose relation does not contain EQ do
if e connects two nodes in some C' then reject
accept

w N

~N O O >

Figure 2: Algorithms for RSAT(R2®), RSAT(RL") and RSAT(R2).

Definition 3.5 A RCC-5 relation R is said to be an acyclic relation iff any
cycle in any G with R on every arc is never satisfiable.

The relation PP is an example of an acyclic relation while {PP,EQ} is not
acyclic. We continue by showing a few properties of acyclic relations.

Proposition 3.6 Let R be an acyclic relation. Then every relation R' C R
is acyclic.
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Proof: Since taking subsets of R constrains satisfiability further, the result
follows. =

Proposition 3.7 Let R be an acyclic relation, and choose A such that
A C{R'|R' C R}. Then, any cycle in G where every arc is labelled by some
relation in A is unsatisfiable.

Proof: Same argument as in the previous proposition. O

The following definition is needed in the following proofs.

Definition 3.8 Let Z be an instance of the R-satisfiability problem, M a
model for Z, and r € Rj a relation between two region variables X and Y

in Z. Then r is said to be satisfied as r' in M for any relation ' C r, such
that X7r'Y is satisfied in M.

The definition may seem a bit cumbersome but the essence should be clear.
As an example, let X and Y be region variables related by X {P0,PP}Y’, and
M a model where X is interpreted as {1,2} and Y as {1,2,3}. Then in M,
{P0, PP} is satisfied as {PP}, but also as {P0O,PP}.

Lemma 3.9 Let R be an acyclic relation, and A, A’ sets such that A C
{R'|R" C R} and A’ C {a U{EQ} | a € A}. Then, every cycle C labelled
by relations in A U A’ is satisfiable iff it contains only relations from A'.
Furthermore, all relations in the cycle have to be satisfied as EQ.

Proof: only-if: Suppose that a cycle C' is satisfiable and that it contains
some relation from A. Apply induction on the number n of arcs in the cycle.
For n = 1, we get a contradiction by Proposition 3.7. So, suppose for the
induction that C contains n+ 1 arcs. Let M be an R-model for the relations
in C. It cannot be the case that every relation in C is satisfied in M as
some relation in A, by Proposition 3.7. Thus, some relation R' in C has to
be satisfied as EQ. But then we can collapse the two variables connected by
R’ to one variable, and we have a cycle with n nodes containing a relation
from A. This contradicts the induction hypothesis.

if: Suppose that a cycle C' contains only relations in A’. Then C can be
satisfied by choosing EQ on every arc. Notice that the only-if part implies
that C' must be satisfied by choosing EQ on every arc. Hence, the variables
are forced to be equal. O
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After having studied acyclic relations, we will now turn our attention to
DA G-satisfying relations. The formal definition is as follows.

Definition 3.10 A basic relation B is said to be DAG-satisfying iff any
DAG (directed acyclic graph) labelled only by relations containing B is sat-
isfiable, i.e., if the corresponding RSAT problem has a model.

A typical example of a DAG-satisfying relation is EQ. Given a DAG labelled
only by relations containing EQ, we can always satisfy these relations by
assigning some non-empty set S to all variables.

We can now show that PP is a DAG-satisfying relation.

Definition 3.11 Let G be an arbitrary DAG. A node v in G is said to be
a terminal node iff there are no arcs which start in v.

Lemma 3.12 The basic relation PP is DAG-satisfying.

Proof: Let G be a DAG labelled only by relations containing PP. We
show that G is satisfied by some R-model M. Induction on n which is the
number of nodes in G. The case when n = 1 is trivial. Suppose that G has
n + 1 nodes and remove a terminal node g. By induction, the remaining
graph G' = (V'  E') is satisfiable by a model M’'. We shall now construct
a model M of G, which agrees with M' on every variable in G'. Let S =
U{M'(v) | v € V'} and let a be an element not in S. Let M(g) = SU {a}.
Obviously, M is a model of G. O

We now state a simple result from Drakengren and Jonsson [1996].
Lemma 3.13 Let G be irreflexive! and have an acyclic subgraph D. Then
those arcs of G which are not in D can be reoriented so that the resulting
graph is acyclic.

By specializing this result, we get the next lemma.

Lemma 3.14 Let G be irreflexive with an acyclic subgraph D and let the

arcs of D be labelled by relations containing PP, and the arcs not in D being
labelled by relations containing PP and PPI. Then G is R-satisfiable.

LA graph is irreflexive iff it has no arcs from a node v to the node v.
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Proof: Reorient the arcs of G such that the resulting graph is acyclic.
This is always possible by the previous lemma. Furthermore, whenever an
arc is reoriented, also invert the relation on that arc, so that G’ is satisfiable
iff G is. By this construction, only arcs containing both PP and PPI have
been reoriented, so every arc in the DAG G’ contains PP and, thus, since PP
is DAG-satisfying by Lemma 3.12, G’ is satisfiable. Consequently, G is also
satisfiable. O

Lemma 3.15 Algorithm A° correctly solves RSAT(R?).

Proof: Assume that the algorithm finds a strongly connected component
of G' (which then contains only the relation {PP,EQ}), containing two nodes
that in G are connected by an arc e that is labelled by a relation R’ which
does not contain EQ. Then there exists a cycle C' in which the relation of
every arc contains EQ, such that e connects two nodes in that C but e is
not part of that cycle. By Lemma 3.9, C can be satisfied only by choosing
the relation EQ on every arc in C, and since R’ does not admit EQ, C is
unsatisfiable.

Otherwise, every such strongly connected component can be collapsed
to a single node, removing all arcs which start and end in the collapsed
node. This transformation retains satisfiability using the same argument
as above. After collapsing, the subgraph obtained by considering only arcs
labelled {PP,EQ} will be acyclic. Since the remaining arcs are labelled by re-
lations containing both PP and PPI, the graph is R-satisfiable by Lemma 3.14.
(Note that the graph will be irreflexive since every node is contained in some
strongly connected component.) O

Lemma 3.16 Given a graph G = (V, E), algorithm A° runs in O(|V|+|E|)
time.

Proof: Strongly connected components can be found in O(|V'| + |E|) time
[Baase, 1988] and the remaining test can also be made in O(|V| + |E|) time.
a

Theorem 3.17 RSAT(R}?) can be solved in polynomial time.

Proof: RSAT(R?) is polynomial by the previous two lemmata. Since

Ri* = R_g, RSAT(R}*) can be solved in polynomial time by Corollary 2.4.
O
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4 Classification of RCC-5

Before we can give the classification of RCC-5 we need two NP-completeness
results.

Theorem 4.1 RSAT(S) is NP-complete if

1. ¢; = {{p0},{PP,PPI}} C S [Renz, 1996], or

2. C; = {{DR,P0}, {PP,PPI}} C S.

Proof: The proof for C; is by polynomial-time reduction from RSAT(Cy).
Let © be an arbitrary instance of RSAT(Cy). Construct the following set:

@' = {X{PP,PPI}Y | X{PP,PPI}Y € O} U {X{DR,P0}Y | X{PO}Y € O}.

Clearly, ©' can be obtained from © in polynomial time and ©’ is an instance
of RSAT(Cy). We show that © is satisfiable iff ©’ is satisfiable.

only-if: Assume that there exists an R-model I of ©. It is not hard to see
that I is also an R-model of I’ since if X{P0}Y under I then X{DR,P0}Y
under I. Thus ©’ is R-satisfiable if © is R-satisfiable.

if: Assume the existence of an R-model I’ that assigns subsets of some set
U to the region variables of ©'. Let o be an element such that o ¢ U. We
construct a new interpretation I as follows: I(z) = I'(z) U {a} for every
variable z in ©’. It can easily be seen that the following holds for I:

1. If z{DR}y under I' then z{P0}y under I.
2. If z{P0}y under I' then z{P0}y under I.
3. If z{PP}y under I' then z{PP}y under I.

4. If z{PPI}y under I' then z{PPI}y under I.
It is easy to see that if 2{PP,PPI}y under I' then z{PP,PPI}y under I.
Similarly, if z{DR,P0}y under I' then z{P0}y under I. It follows that I is a
model of © so © is R-satisfiable if ©' is R-satisfiable. O

The main theorem can now be stated and proved.
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Theorem 4.2 For § C R5, RSAT(S) is polynomial iff S is a subset of some
member of Rp = {R2, R2°, R} Ri*}, and NP-complete otherwise.

Proof: if: For each R € Rp, RSAT(R) is polynomial as was shown in the
previous section.
only-if: Choose § C Ry such that § is not a subset of any algebra in Rp.
For each subalgebra R € Rp, choose a relation x such that x € S and = € R.
This can always be done since § € R. Let X be the set of these relations
and note that X is not a subset of any algebra in Rp. The set Rp contains
four algebras so by the construction of X, |X| < 4. Observe that RSAT(S)
is NP-complete if RSAT(X) is NP-complete.

To show that RSAT(S) has to be NP-complete, a machine-assisted case
analysis of the following form was performed:

4
1. Generate all subsets of Ry of size < 4. There are Z ( 32,2 ) = 41449
i=0
such subsets.

2. Let T be such a set. Test: T is a subset of some subalgebra in Rp or
C; C T for some i € {1,2}.

The test succeeds for all 7. Hence, RSAT(S) is NP-complete by Corol-
lary 2.4. O

The program used for showing the previous theorem appears in the on-line
appendix of this article.

5 Discussion

The main problem of reporting tractability results for restricted classes of
problems is the difficulty of isolating interesting and relevant subclasses.
The systematic approach of building complete classifications is a way of
partially overcoming this problem. If the problem class under consideration
is regarded relevant, then its tractable subclasses should be regarded relevant
if the computational problem is of interest. This is especially true in spatial
reasoning where the size of the problem instances can be extremely large; one
good example is spatial reasoning in connection with the Human Genome
project [Cui, 1994].

Another advantage with complete classifications is that they are more
satisfactory from a scientific point of view; to gain a clear picture of the
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borderline between tractability and intractability has an intrinsic scientific
value. A common critique is that complete classifications tend to generate
certain classes which are totally useless. For instance, the subalgebra Ré7 is
certainly of no use. It must be made clear that such critique is unjustified
since the researcher who makes a complete classification does not deliber-
ately invent useless classes. Instead, if useless classes appear in a complete
classification, they are unavoidable parts of the classification.

The work reported in this article can be extended in many different ways.
One obvious extension is to study other computational problems than the
RSAT problem. Renz [1996] has studied two problems, RMIN and RENT, on
certain subclasses of RCC-5 and RCC-8. The RMIN problem is to decide if a
set of spatial formulae © is minimal, .e., whether all basic relations in every
formula of © can be satisfied or not. The RENT problem is to decide whether
a formula X RY is entailed by a set of spatial formulae. Grigni et al. [1995]
study a stronger form of satisfiability which they refer to as realizability:
A finite set ©® of RCC-5 formulae is said to be realizable iff there exist
regions on the plane bounded by Jordan curves which satisfy the relations
in ©. Grigni et al. [1995] have shown that the realizability problem is much
harder than the satisfiability problem. For instance, deciding realizability
of formulae constructed from the two relations DR and PO is NP-complete
while the satisfiability problem is polynomial. Certainly, further studies of
the realizability problem would be worthwhile.

Another obvious research direction is to completely classify other spa-
tial algebras, such as RCC-8. RCC-8 contains 22°¢ =~ 1077 relations so the
question whether this is feasible or not remains to be answered.

6 Conclusions

We have studied computational properties of RCC-5. All of the 232 possible
subclasses are classified with respect to whether their corresponding satisfi-
ability problem is tractable or not. The classification reveals that there are
four maximal tractable subclasses of the algebra.
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Qualitative Reasoning About Sets Applied
to Spatial Reasoning

Peter Jonsson and Thomas Drakengren

ABSTRACT

We propose a polynomial-time algorithm for a restricted form of qualitative

reasoning about sets. The algorithm decides satisfiability of set expressions
of the type XrY where r is one of the three relations of subset, disjoint-
ness and non-equality. The algorithm also handles certain disjunctions of
such expressions. With the aid of this algorithm, we construct a straightfor-
ward, tractable algorithm for the Horn fragment of the spatial theory RCC-
5. The algorithm also enables us to show certain topological properties of
RCC-5. For instance, we show that a result by Grigni et al about RCC-5
restricted to two-dimensional space does not hold for RCC-5 restricted to
three-dimensional space.
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1 Introduction

Reasoning about sets has proved itself useful in a number of areas in com-
puter science. The typical Al examples are the so-called “terminological
languages” [Brachman and Schmolze, 1985]. Outside the AI community, rea-
soning about sets has been employed in, for example, analyses of programs,
logic programming and the study of finite automata. The main result of this
paper is a tractable algorithm for deciding satisfiability of a class of set ex-
pressions. More specifically, we relate set variables with subset, disjointness
and non-equality and we allow certain disjunctions of such set relations.

Even though the problem that we study appears to be severely restricted,
it seems to have practical relevance. To demonstrate this, we show how it can
be used in qualitative spatial reasoning. This kind of spatial reasoning has
received much attention in the literature recently. The main reason for this
is, probably, that spatial reasoning has proved to be applicable to real-world
problems in, for example, geographical databases [Egenhofer, 1991; Grigni
et al., 1995] and molecular biology [Cui, 1994]. In both these applications,
the size of the problem instances can be huge, so it is highly relevant to
study the complexity of problems and algorithms.

A widespread framework for qualitative spatial reasoning is the RCC
approach [Randell and Cohn, 1989; Randell et al., 1992]. This approach is
based on modelling qualitative spatial relations between regions using first-
order logic. Of special interest is a subtheory of RCC, RCC-5. Bennett [1994]
has shown that this subtheory has a much lower complexity figure than the
full RCC framework but, unfortunately, the satisfiability problem for RCC-5
is still NP-complete [Renz, 1996].

This motivates the search for tractable subclasses of RCC-5. Renz [1996]
has shown that there exists a large, maximal tractable subclass of RCC-5,
denoted Hs. s contains 28 elements out of 32 (87%). Renz’s proof of the
tractability of Hs relieson a complicated reduction in two steps: the problem
is first reduced to a fragment of the modal logic S5 and, second, this modified
problem is reduced to propositional Horn logic. We provide an alternative
method for Hs. We employ a simple reduction from the satisfiability problem
for ﬁg, to our tractable class of set expressions. This provides two advantages.
Firstly, the resulting algorithm is very straightforward and does not rely on
a translation of the problem to logic. Secondly, we can use the algorithm for
showing topological properties of RCC-5. For example, we complement the
findings in Grigni et al. [1995] on spatial reasoning with strong topological
assumptions. They have shown that the satisfiability problem of a certain



196

subset of RCC-5 is NP-complete if we require the sets to be connected sets
in two-dimensional Euclidean space. However, we show that an extended
version of this problem is tractable if the allowed sets are connected sets in
three-dimensional Euclidean space.

In Sections 2 and 3 we introduce the algorithm for reasoning about sets
and show that it is tractable. RCC-5 is introduced in Section 4 together
with the new tractability proof of Hs. The topological results are collected
in Section 5. Finally, the last two sections discuss the results and conclude
the paper.

2 Disjunctive Set Relations

Our approach to reasoning about sets is based on set variables and relations
on these. We assume that we have a fixed universe of variable names for
sets. Then, an S-interpretation is a function that maps set variables to non-
empty sets. The reason for restricting ourselves to only consider non-empty
sets is that we intend to use the algorithms for spatial reasoning. Hence,
we want to disallow the pathological case of having empty objects. It may,
however, be necessary to allow empty sets in other applications but this is
left for future research.

We will relate set variables by the following three relations: subset (C),
non-equality (#) and disjointness (disj). The relations C and # have their
usual definitions and X disj Y holds if X NY = 0.

Two set variables related by one of these three relations is called an
atomic relation. A disjunctive set relation (DSR) is a set of atomic relations.

An atomic relation XRY is satisfied by an S-interpretation I iff the
relation I(X)RI(Y') holds. A finite set I' = {v1,...,7,} of DSRs is said to
be S-satisfiable iff there exists an S-interpretation that satisfies at least one
member of each v;, 1 <1 < n. Such a satisfying S-interpretation is called
an S-model of I'. To define tractable subclasses of these problems, we need
to name some special classes of DSRs.

Definition 2.1 Let v be a DSR. Then we let S(-y) denote the set of sub-
set relations in v, NE(7y) the set of non-equality relations, D(v) the set of
disjointness relations and NS(y) = NE(y) U D(y). We say that v is subset
relation iff INS(y)| = 0, v is a non-subset relation iff |S(y)] = 0. If v is
a subset or a non-subset relation we say that 7 is homogeneous and other-
wise heterogeneous. If |y| = 1 then 7y is atomic and if |S(y)| < 1 then 7 is
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Horn. We extend these definitions to sets of relations in the obvious way.
For example, if T is a set of DSRs and all v € T" are Horn, then I'" is Horn.

Let y={X CY,XdisjZ,X #W}. Then S(y) ={X CY}, NE(y) ={X #
W3, D(y) = {X disj Z} and NS(vy) = {X disj Z, X # W}. Furthermore, ~y
is Horn but not atomic.

The satisfiability problem for DSRs is denoted DSRSAT and has the
following definition:

INSTANCE: A finite set I" of atomic DSRs.
QUESTION: Does there exist a model of I'?

Later on, we will see that DSRSAT is NP-complete. However, we begin with
the simpler problem ATOMDSRSAT which is DSRSAT restricted to atomic
DSRs.

An ATOMDSRSAT instance can be represented by a labelled directed
graph, where the nodes are set variables and the arcs are labelled by the
relations C, # and disj. From now on, let I' be an arbitrary instance of
ATOMDSRSAT and G = (V,E) the labelled directed graph representing
it. Let G’ be the graph obtained from G by removing arcs which are not
labelled C. To be able to understand the algorithm in Figure 1, we need
some auxiliary definitions.

Definition 2.2 A node Z € V is null-defined iff there exist X,Y € V such
that

e there exists an arc e € F from X to Y labelled disj in G; and
e there exists a path from Z to X in G'; and

e there exists a path from Z to Y in G'.

We allow paths to be empty, i.e., there always exists a path from X to X
for arbitrary X. Hence, the case when we have X disj X is covered by this
definition. The following lemma is immediate.

Lemma 2.3 If G contains a null-defined node, then there exists no S-model
of G.

Proof: If Z is null-defined, then it must be interpreted as the empty set.
Consequently, there exists no S-model of Z. O
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Definition 2.4 Two nodes X,Y € V are inconsistent iff

e there exists an arc e € E from X to Y labelled #; and
e there exists a path from X to Y in G'; and

e there exists a path from Y to X in G'.

Lemma 2.5 If G contains two inconsistent nodes, then there exists no S-
model of G.

Proof: If X and Y are inconsistent, then every S-model I must assign
values to X and Y such that I(X) = I(Y) and I(X) # I(Y). Clearly, this
implies the non-existence of an S-model of G. O

We can now show the tractability of ATOMDSRSAT and the NP-completeness
of DSRSAT.

Theorem 2.6 ATOMDSRSAT is polynomial.

Proof: The algorithm Atom-SAT is obviously polynomial. We claim that
the algorithm accepts iff the given instance has an S-model.

Assume the algorithm rejects in line 3 or line 4. Then there exists no
S-model by Lemmata 2.3 and 2.5.

Assume to the contrary that the algorithm accepts. We sketch how to
construct a model I of G over the set N of natural numbers.

Assume V = {vy,...,v,} and define the function I : V' — 2" such as

I(v;) ={i} U{j | thereis a path from v; to v; in G'}

for 1 <i < n. We show that I is a model of G by considering the three ways
two variables can be related.

1. v; C vj. Then there exists a path from v; to v; in G’ which implies
that I(v;) C I(v;) by the construction of I.

2. v; # v;. First, note that v; and v; are not inconsistent since otherwise
the algorithm would have rejected in line 3. If ¢ is a member of I(v;),
then j ¢ I(v;) since, otherwise, v; and v; would be inconsistent. Hence,
I(v;) # I(vj) in this case. Assume to the contrary that ¢ is not a
member of I(vj). It follows immediately that I(v;) # I(v;) since i €
I(v;).
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algorithm Atom-SAT.

Input: An instance G of Atom-SAT.

if there exists a null-defined node in G then reject
if there exist inconsistent nodes in G then reject
accept

CU I W N~

algorithm Horn-SAT.

Input: An instance I' of HORNDSRSAT.

A U{yeT|INS(v)| =0}

if A is not satisfiable then reject

if 3y € T" that blocks A and is a non-subset DSR then reject
if 3y € T that blocks A and is heterogeneous then

Compute Horn-SAT((T"' — {~v}) US(y)

7 accept

S UL W N

Figure 1: The algorithms for ATOMDSRSAT and HORNDSRSAT.

3. v;disjvj. Assume there exists a k € N such that £ € I(v;) and k €
I(vj). By the construction of I, there must exist a path from vy to v;
in G’ and a path from vy, to vj in G'. Obviously, this implies that vy, is
null-defined. This leads to a contradiction since the algorithm did not
reject in line 4. Consequently, I(v;) disj I(v;). O

Theorem 2.7 DSRSAT is NP-complete.

Proof: Membership in NP follows from Theorem 2.6: Given a set ' of
DSRs, pick one set relation from each DSR in I' and verify (in polynomial
time) the satisfiability of these relations.

We prove NP-hardness by a polynomial-time reduction from the NP-
complete problem GRAPH 3-COLOURABILITY. Let G = (V, E) be an arbi-
trary undirected graph. We construct a set of DSRs that are S-satisfiable
iff G is 3-colourable. First we introduce three sets C'1, C2 and C'3 which
are related as follows: {CldisjC2}, {C1ldisjC3}, {C2disjC3}. These sets
will correspond to the three “colours” to paint the nodes of G with. For
each w € V, we introduce a set variable W and the following two DSRs:
{WCC1L, WCC2, WCC(C3}and {C1CW, C2CW, C3C W}

This construction forces W to equal exactly one of the sets C'1, C2 or
C3. Finally, for each arc {z,y} € E we introduce the DSR {X # Y'}. It is
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obvious that the resulting set of DSRs are S-satisfiable iff G is 3-colourable.
Hence, DSRSAT is NP-complete. O

3 The Horn Case

We study the S-satisfiability problem for Horn DSRs, denoted HORNDSR-
SAT, in this section. To show HORNDSRSAT tractable, the next definition
is central.

Definition 3.1 Let A be a satisfiable set of atomic DSRs and let v be a
DSR. We say that y blocks A iff for every d € N S(v), AU{d} is not satisfiable.

Clearly, we can use the Atom-SAT algorithm to decide (in polynomial time)
whether a DSR + blocks a set A of atomic DSRs.

We claim that the algorithm in Figure 1 correctly solves HORNDSRSAT
in polynomial time. The key lemma in proving the claim is the following.

Lemma 3.2 Let T" be a set of arbitrary Horn DSRs. Let A C T' be the
set of subset DSRs in I' and let D = {Dy,...,D;} C T be the set of DSRs
that are not subset DSRs. Under the condition that A is S-satisfiable, I is
S-satisfiable if D; does not block A for any 1 <1 < k.

Proof: Pick one non-subset relation d; out of every D; such that AU {d;}
is S-satisfiable. This is possible since no D; blocks A. We show that IV =
AU{di,...,d} is S-satisfiable and, hence, I" is S-satisfiable.

Let G be the equivalent graph representation of I''. By the algorithm
Atom-SAT, we know that there are only two circumstances that make G
not satisfiable: (1) there exists a null-defined node in G; and (2) there exist
inconsistent nodes in G. Hence, if G is not S-satisfiable then one of the two
cases above apply.

Assume there exists a null-defined node Z in G. By the definition of
null-defined, Z is null-defined also in some instance AU {d;}, 1 <i < k. In
other words, d; blocks A which contradicts our initial assumptions. Assume
there exist two inconsistent nodes X and Y. Then there exists an instance
¥ =AuU{d;}, 1 <i<ksuchthat X and Y are inconsistent in ¥. Hence, d;
blocks A which leads to a contradiction. Consequently, I is satisfiable and
the lemma follows. O

The soundness and completeness of Horn-SAT are settled in the forthcoming
three lemmata.
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Lemma 3.3 Let I' be a set of Horn DSRs and let C' C I" be the set of subset
DSRs in T'. If there exists a heterogeneous DSR « € T such that v blocks C,
then I' is S-satisfiable iff (I' — {v}) U S(v) is S-satisfiable.

Proof: if: Trivial.
only-if: If I' is S-satisfiable, then v has to be S-satisfiable. Since -y blocks
C, S(v) must be S-satisfied in any solution of T'. O

Lemma 3.4 Let I" be a set of Horn DSRs. If Horn-SAT(T') accepts then T’
is S-satisfiable.

Proof: Induction over n, the number of heterogeneous DSRs in T'.

Basis step: If n = 0 and Horn-SAT(T") accepts then the formulae in A are S-
satisfiable and there does not exist any v € I' that blocks A. Consequently,
I" is S-satisfiable by Lemma 3.2.

Induction hypothesis: Assume the claim holds for n =k, k > 0.

Induction step: T' contains k + 1 heterogeneous DSRs. If Horn-SAT accepts
in line 6 then (I' — {7}) U S(y), which contains k heterogeneous DSRs, is
S-satisfiable by the induction hypothesis. By Lemma 3.3, this is equivalent
to I' being S-satisfiable. If Horn-SAT accepts in line 7, then there does not
exist any disequational or heterogeneous v € I' which blocks A. By Lemma
3.2, this means that I is S-satisfiable. O

Lemma 3.5 Let I' be a set of Horn DSRs. If Horn-SAT(T") rejects then I'
is not S-satisfiable.

Proof sketch: Induction over the number of heterogeneous DSRs in T'.
The proof is similar to the proof of Lemma 3.4. O

Finally, we can show that Horn-SAT is a polynomial-time algorithm and,
thus, show that HORNDSRSAT is polynomial.

Theorem 3.6 HORNDSRSAT is polynomial.

Proof: By Lemmata 3.4 and 3.5, it is sufficient to show that Horn-SAT
is polynomial. The number of recursive calls is bounded by the number
of heterogeneous DSRs in the given input. By Theorem 2.6, we can in
polynomial time decide whether a set of atomic DSRs is S-satisfiable. Since
we need only check a polynomial number of such systems in each recursion,
the theorem follows. O
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4 The Horn Fragment of RCC-5

We follow Bennett [1994] in our definition of RCC-5. RCC-5 is based on the
notions regions and binary relations on them. A region X is a variable inter-
preted over the non-empty sets. It should be noted that we do not require
the sets to be open sets in some topological space. This is no limitation since
it is impossible to distinguish interior points from boundary points in RCC-
5. Thus we can take any set &/ and use the discrete topology 7 = (U, 24).
Then every subset of U is an open set in T .

We assume that we have a fixed universe of variable names for regions.
Then, an R-interpretation is a function that maps region variables to the
non-empty subsets of some set.

Given two interpreted regions, their relation can be described by exactly
one of the elements of the set B of five basic RCC-5 relations. These relations
are defined as follows: for all X and Y, X{DR}Y iff X NY = 0, X{P0O}Y
iff da,b,c:a € X,a gY,be X;beY,ceg X,ceY, X{PP}Y if X CY,
X{PP71}Y if X DY and X{EQ}Y if X =Y.

A formula of the form X BY where X and Y are regions and B € B, is
said to be satisfied by an R-interpretation iff the interpretation of the regions
satisfies the relations as specified above. To express indefinite information,
unions of the basic relations are used, written as sets of basic relations,
leading to 25 binary RCC-5 relations. Naturally, a set of basic relations is to
be interpreted as a disjunction of the basic relations. The set of all RCC-5
relations 2B is denoted by Rs.

A formula of the form X {Bjy,...,B,}Y is called a RCC-5 formula. Such
a formula is satisfied by an R-interpretation I iff X B;Y is satisfied by I
for some i, 1 < i < n. A finite set ® of RCC-5 formulae is said to be R-
satisfiable iff there exists an R-interpretation I that satisfies every formula
of ©. Such a satisfying R-interpretation is called an R-model of ©. The
reasoning problem RSAT has the following definition:

INSTANCE: A finite set ® of RCC-5 formulae.
QUESTION: Does there exist an R-model of ©7

We will also consider restricted versions of RSAT where the relations used
in formulae in © are only from a subset S of R5. We denote such a problem

RSAT(S).

Definition 4.1 Let B = {DR,P0,PP,PP~1,EQ}. RCC-5 consists of the set
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Rs = 2B and the operations unary converse (denoted by ), binary inter-
section (denoted by N) and binary composition (denoted by o). They are
defined such that for all X,Y,

XR-Y iff YRX;
X(RN S)Y if XRY A XSY; and

X(Ro S)Y iff 37 : (XRZ A ZSY).

Next, we introduce a closure operation. The closure operation transforms a
given subclass of Ry to one that is polynomially equivalent to the original
subclass wrt. satisfiability.

Definition 4.2 Let S C Rs. Then we denote by S the closure of S, defined
as the least subalgebra containing S closed under converse, intersection and
composition.

A program for computing closures can be obtained from the authors. The
easy proof of the next lemma is omitted.

Lemma 4.3 Let S C R5. RSAT(S) is polynomial iff RSAT(S) is polyno-

mial. RSAT(S) is NP-complete iff RSAT(S) is NP-complete.

We will now focus upon the tractable subclass ’}-Al5 which contain all relations
in R5 except {PP,PP~'}, {DR,PP,PP~ !}, {PP,PP~! EQ} and {DR,PP,PP~!, EQ}.
For our purposes, another definition is more convenient. Let

Hp = {{PO}, {DR, EQ}) {PP, EQ}}

By a machine-assisted analysis, it can easily be shown that ﬁg, = Hp.
Theorem 4.4 RSAT(#;) is polynomially reducible to HORNDSRSAT.

Proof: RCC-5 formulae of the form X{PP,EQ}Y can obviously be re-
placed by the Horn DSR X C Y. Likewise, an RCC-5 formula of the
form X {DR,EQ}Y can be replaced by the two Horn DSRs X {disj,C}Y and
Y{disj, C}X. Finally, RCC-5 formulae of the type X{P0}Y can be replaced
by the following six DSRs: A{C}X, A{disj }Y, B{C}X, B{C}Y, C{disj} X
and C{C}Y, where A, B and C denote fresh set variables.
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We have thus shown how RSAT(#pg) can be reduced to HORNDSRSAT
in polynomial time. Since we know that Hs = Hp, the theorem follows from
Lemma 4.3. O

Note that the Horn DSR framework allows for spatial formulae which are
not formulae in RCC-5. For instance, the disjunction X{P0}Y VvV X{PP}Z
cannot be expressed in RCC-5, even though both PO and PP are in RCC-5.
However, the expression is easily converted to a set of Horn DSRs.

5 Topological Properties of RCC-5

The goal of this section is to study some topological properties of RCC-5.
First, we show that RCC-5 can always be interpreted over the open sets
of the real line under the natural topology. Then, we study some more
restrictive topological assumptions and their impact on the complexity of
RCC-5.

The following theorem follows immediately from the model construction
in Theorem 2.6.

Theorem 5.1 Let I be an S-satisfiable, finite set of DSRs. Then I has a
model that maps region variables to finite subsets of N.

We say that a model that assigns finite subsets of N to region variables is
a N-model. Recall that the natural topology of R has the set of all open
intervals as its basis. This implies that every finite union of open intervals
is an open set under this topology.

Theorem 5.2 Let © be a R-satisfiable set of RCC-5 formulae. Then © has
a model of open sets (under the natural topology) in R.

Proof: Let © = {6y,...,0,} be an arbitrary, satisfiable, finite set of
RCC-5 formulae. Since © is R-satisfiable then for each ¢, 1 < i < n, there
exists an atomic RCC-b relation a; € «; such that A = {aq,...,a,} is
R-satisfiable. Observe that A is an instance of RSAT(#s). Hence, we can
polynomially reduce A to an equivalent DSRSAT instance B by Theorem 4.4.
By Theorem 5.1, B has a N-model I. Hence, there also exists a model I’
from the variables in A to the finite subsets of N. Consider the following
interpretation:

IN'vy={yeR|zel'v) Az <y<z+1/2}.
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Clearly, I" is a model of A since I' is a model of A. Furthermore, I'(v) is
the union of open intervals in R. Thus, I'(v) is an open set in R under the
natural topology, which concludes the proof. O
It should be clearly understood that the real line equipped with the natural
topology is a very weak topological assumption for a spatial theory. Hence,
it is interesting to investigate stronger topological assumptions. Such studies
have been performed by, for instance, Grigni et al. [1995] and Lemon [1996].

Grigni et al. [1995] have studied spatial reasoning under such an as-
sumption; they require the regions to be connected sets in two-dimensional
Euclidean space. This makes the problem appreciably harder. They show
that RCC-5! restricted to only atomic relations is NP-hard under these re-
strictions.

Even more surprising, if we only use the relations DR and PO, the problem
remains NP-hard. In this section, we will show that this result does not hold
if we allow the regions to be connected sets in three-dimensional Euclidean
space (E3). We say that such a model is a 3DC-model.

Let Ry = 2{PRPOEQ}  WWe define the computational problem, which we
will denote R3SAT, as follows:

INSTANCE: A finite set © of R3 formulae.
QUESTION: Does there exist an 3DC-model of ©7

Our initial observation is that if a set © of R3 formulae has a 3DC-model,
then it has an R-model (trivially). By showing the converse, i.e. if © has an
R-model then it has a 3DC-model, we have also shown the polynomiality of
R3SAT since R3 C 7:25.

In the next lemma, we show how to modify an N-model into a 3DC-model.

Lemma 5.3 Let © be a finite set of R3 formulae with an N-model. Then
there exists a 3DC-model of ©.

Proof: Let S be a finite set of natural numbers. We begin by construct-
ing a three-dimensional connected set fork(S) with certain properties. The
definition of fork is as follows:

fork(S) = {(s,9,0)|s€e SA0<y<1}U
{(z,1,0) | min(S) < z < max(95)}.

'In their terminology, RCC-5 is named “medium resolution”.
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An example of a fork set can be found in Figure 2. Clearly, fork sets are
connected.

Let I be an N-model of © and assume © contains the region variables X =
{X1,...,Xn}. Let a: X = {y € R|0 <y < 27} be an arbitrary function
satisfying the following requirement: a(X;) = a(X;) iff I(X;) = I(X;).
We shall now construct a 3DC-model I’ of ©: define I'(X;) as fork(I(X;))
rotated a(X;) radians around the z-axis.

It remains to show that I’ is a model of ©. We have three cases:

1. X;{DR}X; under I. Then I(X;) # I(X;) so a(X;) # a(X;). Conse-
quently, X;{DR}X; under I'.
2. X;{P0}X; under I. Then there exist natural numbers a, b, c such that
0 € I(X:),0 ¢ I(X;)
be I(X;),be I(X;)
c € I(X;),c e I(X;)
By the construction of fork, it follows that
(a,0,0) € fork(I(X;)), (a,0,0) & fork(I(X;))
(b,0,0) € fork(I(X;)), (b,0,0) € fork(I(X;))
(¢,0,0) & fork(I(X;)),(c,0,0) € fork(I(X;)).

Now, observe that the points we refer to are on the z-axis which is
invariant under the rotation imposed by a. Hence, X;{P0}X; under
r.

3. X;{EQ}X; under I. Then I(X;) = I(X;) so a(X;) = o(X;). Further-
more, fork(I(X;)) = fork(I(X;)) which implies that X;{DR}X; under
r.

We have thus shown that I' is a 3DC-model of ® and the lemma follows. O
Theorem 5.4 R3SAT is polynomial.

Proof: Let © be an instance of R3SAT. Since R3 C ﬁg,, it is tractable
to decide whether ©® has an R-model or not. If © does not have an R-
model, then © cannot have a 3DC-model. Assume to the contrary that ©
has an R-model. Then, by Theorem 5.1, ® has an N-model. This implies,
by Lemma 5.3, the existence of a 3DC-model of O. O
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X

1 2 3 4

Figure 2: The set fork({1,2,4}).

6 Discussion

Results by Drakengren and Jonsson [1996] show that algorithms similar to
Horn-SAT can be used for tractable inference in intuitionistic logic. This
opens the way for some intriguing new research. Bennett [1994] has shown
that a subtheory of RCC, RCC-8, can be reduced to propositional intuition-
istic logic. RCC-8 is more expressive than RCC-5 since it makes it possible to
distinguish between boundary and interior points. There are, for instance,
two versions of the PP relation, one that allow boundary contact and one
that disallows such contact.

By employing the connection between RCC-8 and intuitionistic logic es-
tablished by Bennett, Nebel [1995] discovered the first published tractable
subclass of RCC-8. These results were extended by Renz [1996] who isolated
a large tractable subclass of RCC-8, denoted 'ﬁg. This was accomplished by
studying the connection between RCC-8 and yet another logic, a multimodal
logic. Probably, there is a connection between spatial reasoning, qualitative
reasoning about sets and (intuitionistic and/or modal) logic which certainly
deserves further study.

7 Conclusions

We have proposed a tractable algorithm for qualitative reasoning about sets.
The algorithm can decide the satisfiability of set variables related with sub-
set, disjointness and non-equality. Furthermore, the algorithm allows dis-
junctions of such expressions under one restriction: there can be at most
one subset relation in each disjunction.

To demonstrate the algorithm, we have applied it to problems in spa-
tial reasoning. We have thus shown the existence of a straightforward,
polynomial-time algorithm for the Horn fragment of RCC-5 [Renz, 1996].
Furthermore, we have found a subclass of RCC-5, Rj3, for which it is tractable
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to decide whether there exist connected sets in three-dimensional Euclidean
space satisfying the given restrictions or not. This finding complements the
results in Grigni et al. [1995] showing a subclass of R3 to be NP-complete if
we require the sets to be connected sets in two-dimensional Euclidean space.
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Reasoning About Set Constraints
Applied to
Tractable Inference in
Intuitionistic Logic

Thomas Drakengren and Peter Jonsson

ABSTRACT

Automated reasoning about sets has received a considerable amount of
interest in the literature. Techniques for such reasoning have been used in,
for instance, analyses of programming languages, terminological logics and
spatial reasoning. In this paper, we identify a new class of set constraints
where checking satisfiability is tractable (i.e. polynomial-time). We show
how to use this tractability result for constructing a new tractable fragment
of intuitionistic logic. Furthermore, we prove NP-completeness of several
other cases of reasoning about sets.
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1 Introduction

There has been considerable interest in formalisms for describing and reason-
ing about sets. We begin by describing some of these. The most well-studied
class of set constraints is, probably, Herbrand set constraints. Such have been
suggested as a formalism for describing relationships between sets of terms
of a free algebra. A positive set constraint has the form X C Y, where X
and Y are set erpressions. Examples of set expressions are @ (the empty
set), a (a set-valued variable), ¢(X,Y") (a constructor application), and the
union, intersection, or complement of set expressions. The computational
problem then is to decide whether there exists an assignment that satisfies
all the given set constraints. This is the classical definition of a set constraint
as stated in, for example, the paper by Heintze and Jaffar [1990]. However,
certain researchers have also studied negative set constraints [Marriott and
Odersky, 1992; Aiken and Murphy, 1991], i.e. set constraints of the form
XqZYy.

There are a number of important applications for automated reasoning
about Herbrand set constraints. These include analyses of programming lan-
guages [Aiken et al., 1994b; Heintze and Jaffar, 1990; Reynolds, 1969], logic
programming [Aiken and Lakshman, 1994; Heintze and Jaffar, 1992] and
the study of finite automata [Brzozowski and Leiss, 1980]. On the theoreti-
cal side, rapid progress has been made in understanding the algorithms for
and complexity of solving various classes of set constraints. One of the most
important results is that the satisfiability problem for set constraint is de-
cidable even if we allow negative constraints [Aiken et al., 1994a; Gilleron et
al., 1993]. On the practical side, several systems have been implemented for
reasoning based on solving systems of set constraints [Aiken et al., 1994b;
Heintze, 1992].

A variant of set constraints are the Tarskian set constraints [Givan et
al., 1996; Jénsson and Tarski, 1951; Jénsson and Tarski, 1952]. Syntacti-
cally, Tarskian set constraints are very similar to Herbrand set constraints.
The difference is that Tarskian set constraints are interpreted relative to a
first-order structure whereas Herbrand set constraints are always interpreted
over the Herbrand universe generated by a specified set of constructor func-
tions. This difference fundamentally changes the nature of the satisfiability
problem.

Reasoning about sets has also received attention in the artificial intel-
ligence community. One example is so-called “concept languages” or “ter-
minological languages” [Schmidt-Schau8 and Smolka, 1991; Brachman and
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Schmolze, 1985]. The set expressions of concept languages are constructed
from from set variables and relation variables using a variety of composi-
tional mechanisms. For instance, the expression VR.C where R is a relation
expression and C is a set expression denotes the set

{z |Vy.R(z,y) =y € C}.

Many of these languages can be viewed as highly restricted fragments of
propositional dynamic logic (PDL) [Donini et al., 1991]. Thus, many of
them have satisfiability problems in P, NP or PSPACE which is significantly
better than full PDL which is EXPTIME-complete [De Giacomo and Lenz-
erini, 1994].

Reasoning about sets has also appeared in connection with other types of
logics, such as modal logics. These logics involve formulae which are true or
false of possible worlds in Kripke structures. It is natural to view a Kripke
structure as an ordinary first order structure whose domain is the set of
possible worlds. In this view each formula denotes a set of worlds, which
is nothing more than a subset of the domain of the structure in which the
formula is interpreted.

In this paper, we study a variation of reasoning about Tarskian set con-
straints. More specifically, we continue the study of the set relations by
Jonsson and Drakengren [1996], restricting the set expressions to only allow
for set-valued variables, but allowing them to be related by relations other
than C: variables are related with subset (C), disjointness (disj) and non-
equality (#), and we allow disjunctions of such set relations. As a concrete
example, consider the following three relations:

ZCX,ZCY, XdisjY.

It is not hard to see that we can satisfy these relations by setting X =Y =
Z = @. However, if we disallow the use of the empty set, we cannot satisfy
the relations. The case investigated by Jonsson and Drakengren [1996] was
the case where the empty set is disallowed, whereas the emphasis of this
paper is on the other case, allowing the empty set as well. We shall see
that this choice has a strong impact on the complexity of the satisfiability
problem in certain cases.

The results in this paper complement the results of Jonsson and Drak-
engren [1996], and show the complexity of the satisfiability problem for five
types of formulae, where the empty set is allowed in models of set contraints:
general formulae, Horn formulae of two kinds, Krom formulae and atomic



217

formulae. The results show that the problem is polynomial for atomic for-
mulae and NP-complete for Krom and general formulae. For one kind of
Horn formulae, the problem is polynomial if we disallow the empty set and
NP-complete otherwise, but for the other kind both problems are polyno-
mial.

Even though the problem that we are about to study appears to be
severely restricted, it appears to be useful. To demonstrate this, we show
how it can be used in inference in intuitionistic logic. We exhibit a subclass
of intuitionistic propositional logic (see, for example, Heyting [1971] or Dra-
galin [1988] for an introduction), where computing entailment can be done
in polynomial time. This an improvement of the general case, since the full
problem has been shown to be PSPACE-complete [Statman, 1979]. Further-
more, intuitionistic logic and spatial reasoning are intimately connected: it
is used for that purpose by Bennett [1994], and indeed, Nebel [1995] found
a tractable subclass of intuitionistic logic, which aided in finding a tractable
subclass of spatial reasoning. In this paper, we show that our tractable class
is incomparable to that of Nebel [1995].

The structure of the paper follows: In Section 2 we introduce the for-
malism to be used, the disjunctive set relations, DSRs. Its computational
properties are investigated for different restrictions on the DSRs in Section 3,
Section 4 and Section 5. Finally, we apply these results to intuitionistic logic
in Section 6, after which a discussion and conclusions conclude the paper.

2 Disjunctive Set Relations

Our approach to reasoning about sets is based on that of Jonsson and Drak-
engren [1996], extended with concepts for handling also empty sets in mod-
els: There are set variables and relations on these. We assume that we have
a fixed universe of variable names for sets. Then, an Sg-interpretation is
a function that maps set variables to (possibly empty) sets whereas an S-
interpretation is a function that maps set variables to nonempty sets. The
case of S-interpretations has already been investigated by Jonsson and Drak-
engren [1996].

We will relate set variables by the following three relations: subset (C),
non-equality (#) and disjointness (disj) having the usual definitions. A
formula of this type is called an atomic relation. A disjunctive set relation
(DSR) is a set (disjunction) of atomic relations.

An atomic relation X RY is satisfied by an Sy-interpretation (S-inter-
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pretation) I iff I(X)RI(Y). A DSR v = {v1,...,7vn} (which is more conve-
niently written as a disjunction vy =1 V...V ~,) is said to be Sy-satisfiable
(S-satisfiable) iff there exists an Sy-interpretation (S-interpretation) that
satisfies at least one member of each v;, 1 < 7 < m. Such a satisfying
Sz-interpretation (S-interpretation) is said to be an Sy-model (S-model) of
~v. We also allow conjunctions of two or more DSRs a3, ...,a, written as
ai A ... A ay, which are interpreted in the obvious way.

For DSRs, we have the following natural reasoning problem which we
will denote DSRSAT, and DSRSAT, respectively.

Relation DSR-form

X =0 X disj X

X +o EdisiEAX #E
X=Y XCYAYCX

Xcy XCYAX#Y

XqY F+#oAFCXAFdisjY

XNY+#0 |F£AFCXAFCY
XCYNZ|XCYANXCZ
YUZCX|YCXAZCX

Table 1: Some relations that can be expressed as DSRs. E and F denote
fresh set variables.

INSTANCE: A finite set I' of DSRs.
QUESTION: Does there exist an Sz-model (S-model) of I'?

We will see that DSRSAT, is NP-complete later on. DSRSAT was proved
to be NP-complete by Jonsson and Drakengren [1996]. To define tractable
subclasses of these problems, we need to name some special classes of DSRs.

Definition 2.1 Let v be a DSR. Then we let S(7) denote the set of subset
relations in v, NE(7y) the set of non-equality relations, D(y) the set of dis-
jointness relations, N S(y) = NE(y) UD(y), and SD(y) = S(y) UD(y). We
say that «y is subset relation iff INS(y)| = 0, v is a non-subset relation iff
|S(v)| = 0, v is an SD-relation iff INE(y)| = 0, and v is a non-SD-relation
iff |[SD(y)| = 0. If 7y is a subset or a non-subset relation we say that v is ho-
mogeneous and otherwise heterogeneous. If v is an 8§D or a non-SD-relation
we say that v is 2-homogeneous and otherwise 2-heterogeneous. If |y| = 1,
then «y is atomic, if |y| < 2, then v is Krom, if |S(vy)| < 1, then v is Horn,
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and if |[SD(y)| < 1, then v is 2-Horn. It is easy to see that if v is 2-Horn,
then v is also Horn. We extend these definitions to sets of relations in the
obvious way. For example, if T' is a set of DSRs and all v € T are 2-Horn,
then I' is 2-Horn. O

Some examples of DSRs follow.

Example 2.2 Let
y=X#YVYdisiZVW CXVXCY.
Now
S(y)=WCXVXCY,
NE(y) =X #Y,
D(v) =Y disj Z,
NS(y)=X #Y vYdisj Z,
and
SD(y)=WCXVXCYVYdisjZ
We see that « is not Horn, and also not 2-Horn or Krom. The formula
XCYvyCczZz
is a Krom DSR,
XCYVW #£ZVvWdisjX
is a Horn DSR, but not a 2-Horn DSR,, and
XCYVWH#ZNVZ#V
and
XdisfYVX#ZVY #W
are 2-Horn DSRs. O

From the relations C, disj and #, several other set relations can be con-
structed. Table 1 contains a few examples.
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3 The Atomic Case

The first reasoning problem that we will study is ATOMDSRSAT,:

INSTANCE: A finite set I' of atomic DSRs.
QUESTION: Does there exist an Sy-model of I'?

We claim that Algorithm 3.1 correctly solves ATOMDSRSAT,, and fur-
thermore, does so in polynomial time. The corresponding algorithm for
S-interpretations was proved correct and polynomial by Jonsson and Drak-
engren [1996].

Algorithm 3.1 (Atom-SAT,(G))

input instance G = (V, E) of Atom-SAT

Extend G with a new node @ and a new edge @ disj &

while there exists a null-defined node Z € V different from &
collapse the nodes Z and @ in G

if there exist inconsistent nodes X,Y € V then
reject

accept

S UL W N =

To understand the algorithm Atom-SAT,, a few things need to be explained.
First, note that the input to the algorithm does not consist of a finite set
of atomic DSRs, but of a directed, labelled graph (DLG). This is no loss of
generality since any ATOMDSRSAT instance can be represented by a DLG,
where the nodes are set variables and the arcs are labelled by the relations C,
# and disj. From now on, let T be an arbitrary instance of ATOMDSRSAT
and G = (V, E) the DLG representing it.
We need the following auxiliary definitions.

Definition 3.2 Let H = (W, F) be a DLG, z,y € W, and H' the graph
obtained from H by removing all edges not labelled by C. Now, a directed
path from z to y in H’ is said to be a C-path in H. O

Next, we defined the concepts of null-defined and inconsistent nodes.
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Definition 3.3 A node Z € V is null-defined iff there exist X,Y € V such
that

e there exists an arc e € E from X to Y labelled disj in G
e there exists a C-path from Z to X in G’
e there exists a C-path from Z to Y in G'.

a

Note that the case when we have X disj X is covered by this definition (we
allow zero-length paths).

Definition 3.4 Two nodes X,Y € V are inconsistent iff
e there exists an arc e € F from X to Y labelled #
e there exists a C-path from X to Y in G
e there exists a C-path from Y to X in G.

a
The following lemma is immediate and left without proof.

Lemma 3.5 If Z is an null-defined node in G, then Z must be assigned @
by any Sy-model of G, and if X and Y are inconsistent in GG, then G has no
Sg-model. O

We can now show the completeness of Algorithm 3.1.

Lemma 3.6 Let I" be a set of atomic DSRs. If Atom-SAT (") rejects, then
I" is not S-satisfiable.

Proof: First note that the collapsing done in lines 2-3 preserves soundness,
i.e. it does not remove any models, by Lemma 3.5.

Suppose that the algorithm rejects, and let G, be obtained from G by
performing the collapsing done in lines 2-3. Then there are two inconsistent
nodes in G,. Now, by Lemma 3.5, G, cannot have an Sz-model. Since lines
2-3 preserve soundness, G cannot have an Sg-model. O

Next, we prove the soundness of the algorithm.
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Lemma 3.7 Let I' be a set of atomic DSRs. If Atom-SAT,(I") accepts,
then I' is S-satisfiable.
Proof: Suppose that the algorithm accepts. Let G, be the graph obtained
from G by performing lines 2-3 of Algorithm 3.1. Note that if G, has an
Sz-model, then G will have an Sz-model, by assigning the empty set to all
nodes collapsed with the node @.

We show how to construct an Sy-model I of G, over the set N of natural
numbers.

Let G' be the graph obtained from G, by removing arcs which are not
labelled C. Assume V = {vg,v1,...,v,} and define the function I : V" — 2N
such that

I(’UQ) =g
and for i # @
I(v;) = {i} U {j € N| there exists a path from v; to v; in G'}

for 1 < i < n. We will show that I is a model of G, by considering the three
possible ways of relating two variables v; and v; in G4, for i,j € NU {&}.

1. v; € v;. Then there exists a path from v; to v; in G’ which implies
I(v;) C I(vj) by the construction of I.

2. v; # vj. First note that i # j, since otherwise the algorithm would
have rejected.

Suppose that one of v; or v; is vy. Since i # j, and the only variable
which is assigned @ in I is vy, I(v;) # I(v;) holds.

Now suppose that 7,j € N, and assume ¢ € I(v;). Then there is a path
in G’ from v; to vj, by the definition of I. But since v; and v; are
not inconsistent, we must have j ¢ I(v;). Similarly, if j € I(v;), then
i & I(vj). Thus I(v;) # I(v;) holds.

3. vidisjv;. If either of v; or v; is vy, the relation holds trivially in I.
Thus suppose ¢,j € N, and let k£ € I(v;) NI(v;). By the construction of
I, there exists a path from vy, to v; and from vy to v; in G'. Thus vy, is
null-defined. But since all null-defined nodes have been collapsed with
@ in lines 2-3, we must have vy = vy, contradicting our assumption.
Thus there is no such k, and thus I(v;) disj I(v;).
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Theorem 3.8 ATOMDSRSAT, is polynomial.

Proof: Correctness of algorithm Atom-SAT follows from Lemma 3.6 and
Lemma 3.7. The number of iterations in lines 2-3 is bounded from above
by the number of nodes in the given instance, and the tests can easily be
carried out in polynomial time. Thus, the theorem follows. O

We conclude this section by showing that DSRSAT, and DSRSAT are mem-
bers of NP, which will be needed later on.

Lemma 3.9 DSRSAT, and DSRSAT are in NP.

Proof: Let I' = {v1,...,v,} be a finite set of DSRs. If I is S,-satisfiable,
then for each i, 1 < ¢ < n, there exists an atomic set relation o; € ~;
such that A = {aq,...,a,} is Sy-satisfiable. Checking the S-satisfiability
of A is polynomial by Theorem 3.8. Thus, given T" we can let A be the
non-deterministic guess which can be verified in polynomial time. As a
consequence, DSRSAT is in NP.

The proof for DSRSAT is analogous. O

4 The Horn Case

The reasoning problems we shall study in this section extends the class of
atomic DSRs, as was done for S-interpretations in Jonsson and Drakengren
[Jonsson and Drakengren, 1996]. They are defined as follows:

HoORNDSRSAT:
INSTANCE: A finite set I of Horn DSRs.
QUESTION: Does there exist an Sy-model of I'?

HORNDSRSAT:
INSTANCE: A finite set I of Horn DSRs.
QUESTION: Does there exist an S-model of I'?

2HORNDSRSAT:
INSTANCE: A finite set I of 2-Horn DSRs.
QUESTION: Does there exist an Sy-model of I'?

2HORNDSRSAT,:
INSTANCE: A finite set I of 2-Horn DSRs.
QUESTION: Does there exist an S-model of I'?
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The problem HORNDSRSAT was proved to be polynomial by Jonsson
and Drakengren [1996], and thus 2HORNDSRSAT is also polynomial.

Somewhat surprisingly, including the empty set makes the corresponding
problem harder: We now show that HORNDSRSAT, is NP-complete.

Theorem 4.1 HORNDSRSAT, is NP-complete, even if we do not allow C
to appear in the formulae.

Proof: Membership in NP follows from Lemma 3.9. Hardness for NP is
shown by a polynomial-time reduction from 3sAT [Garey and Johnson, 1979].
The problem has the following definition:

INSTANCE: Set U of variables, collection C' of clauses over U such that each
clause ¢ € C has |c| = 3.
QUESTION: Is C satisfiable?

Let L = (U,C) be an instance of 3SAT with U = {u;j,...,up} and C =
{c1,...,¢cn} We will construct an instance of HORNDSRSAT, that is Sy-
satisfiable iff L is satisfiable.

We begin by introducing the empty set by the following axiom: E disj E.
Clearly, E = @ in any model. For each u; in U, we introduce a set variable
z;. We will interpret z; as follows: wu; is false if z; = @ and wu; is true if
z; # &. Consider the following set of Horn DSRs:

= U{ \/ z, #EV \/ zpdisjzp}.
ceC upcce —upce
Clearly, T" has an Sy-model iff L is satisfiable. Also note that the relation C
is not used anywhere in I'. Hence, the theorem follows. O

As a simple consequence of this result and Lemma 3.9, DSRSAT, is also
NP-complete.

Next, we show the tractability of 2HORNDSRSAT. The proof is very
similar to how the tractability of HORNDSRSAT was proved [Jonsson and
Drakengren, 1996]. The idea of constructing Horn classes in this way origi-
nated in the paper by Jonsson and Bickstrom [1996].

Definition 4.2 Let A be an Sy-satisfiable set of atomic DSRs and let y be
a DSR. We say that v 2-blocks A iff for every d € NE(vy), AU {d} is not
S-satisfiable. O
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Clearly, we can use the ATOMDSRSAT, algorithm to decide in polynomial
time whether a DSR + 2-blocks a set A of atomic DSRs. The next lemma
relates satisfiability of a set of 2-Horn DSRs to the satisfiability of a set of
atomic DSRs.

We claim that Algorithm 4.3 correctly solves 2HORNDSRSAT in poly-
nomial time. The next three lemmata prove that the algorithm is sound.

Algorithm 4.3 (2-Horn-SAT(I"))

input instance I' of 2HORNDSRSAT

A U{yeT|INE(y)| =0}

if not Atom-SAT;(A) then
reject

if 3y € I' that 2-blocks A and is a non-§SD DSR then
reject

if 3y € ' that 2-blocks A and is 2-heterogeneous then
2-Horn-SAT((T" — {v}) USD(vy)

accept

CO O UL i W N =

a

Lemma 4.4 Let T' be a set of 2-Horn DSRs. Let A C T' be the set of
SD DSRs (which are then atomic, since they are also 2-Horn) in I' and let
D = {Dy,...,D;} C T be the set of DSRs that are not SD DSRs. If 4
is Sy-satisfiable and D; does not 2-block A for any 1 < ¢ < k, then T is
S-satisfiable.

Proof: Pick one non-S8D relation d; out of every D; such that A U {d;}
is Sg-satisfiable. This is possible since no D; 2-blocks A. We shall show
that TV = AU {dy,...,dr} (which we note is a set of atomic relations) is
Sz-satisfiable and, hence, I' is Sy-satisfiable.

Suppose to the contrary that I is not S,-satisfiable, and let G' be the
equivalent graph representation of I'. Denote by G, the graph obtained
from G by performing lines 1-3 of Algorithm 3.1. By the correctness of
Algorithm 3.1, we know that there exist nodes X, Y in G, which are incon-
sistent, and thus are connected by an # arc in G,. Since lines 1-3 in the
algorithm do not add any #-relations, there have to exist nodes X', Y’ in G
connected by #, which after the collapsing correspond to nodes X and Y in
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G.. This relation has to be a d; for some 7. Consider the graph G’ obtained
from G by removing all #-relations except for this d;. Now run Algorithm 3.1
on G'. Since the collapsings performed in lines 1-3 do not depend on any
of the relations removed from G, X and Y will still be inconsistent in the
resulting graph G', and thus, A U {d;} is unsatisfiable, contradicting the
assumption. Thus IV is Sy-satisfiable, and hence the same holds for I". O

Lemma 4.5 Let I" be a set of 2-Horn DSRs and let C C T' be the set of
SD DSRs in I'. If there exists a 2-heterogeneous DSR v € I' such that v
2-blocks C, then T' is Sy-satisfiable iff (I' — {v}) USD(v) is Sy-satisfiable.
Proof:

<) Trivial.

=) If T" is S,-satisfiable, then v has to be Sy-satisfiable. Since v 2-blocks
C, 8D(~) must be Sy-satisfied in any solution of I'. O

Lemma 4.6 Let I' be a set of 2-Horn DSRs. If 2-Horn-SAT(T") accepts,
then I' is S-satisfiable.
Proof: Induction over n, the number of 2-heterogeneous DSRs in I'.
Suppose n = 0, and that the algorithm accepts, which has to be in line
8. Then the formulae in A are Sy-satisfiable, and there does not exist any
~ € T" that 2-blocks A. Now, by Lemma 4.4, T" is Sy-satisfiable.
Suppose I' contains n + 1 2-heterogeneous DSRs, assuming that the result
holds for n. First suppose that the algorithm accepts in line 7 (that is, within
that call). Then (I' — {v}) USD(v), containing n 2-heterogeneous DSRs, is
Sz-satisfiable by the induction hypothesis. By Lemma 4.5, this is equivalent
to I’ being Sy-satisfiable. Now instead suppose that the algorithm accepts
in line 8. Then there does not exist any v € I' with [NE(y)| > 0 which
2-blocks A. By Lemma 4.4, this means that I' is Sy-satisfiable. O

The completeness of 2-Horn-SAT is shown in the following two lemmata.

Lemma 4.7 Let I' be a set of 2-Horn DSRs. Let C' C I'" be the set of SD
DSRs in I'. If there exists a non-SD DSR v € I' that 2-blocks C, then I' is
not Sy-satisfiable.

Proof: In any solution to I', the relations in C'U {7} have to be be S;-
satisfied. Since 7 is a non-SD DSR and 2-blocks C, this is not possible, and
the lemma follows. O

Lemma 4.8 Let I be a set of 2-Horn DSRs. If 2-Horn-SAT(T") rejects, then
I" is not S-satisfiable.
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Proof: Induction over n, the number of 2-heterogeneous DSRs in I'.

If n = 0 then, 2-Horn-SAT can reject in lines 3 or 5. If 2-Horn-SAT rejects
in line 3, then, trivially, I" is not Sy-satisfiable. If 2-Horn-SAT rejects in line
5, then there exists a non-SD DSR v € I' that 2-blocks A. Hence, T is not
Sz-satisfiable by Lemma 4.7.

Suppose that ' contains n + 1 2-heterogeneous DSRs, assuming that the
result holds for n. If 2-Horn-SAT rejects in line 3, then clearly T' is not Sy-
satisfiable. If 2-Horn-SAT rejects in line 5, then I' is not Sy-satisfiable by
Lemma 4.7. If 2-Horn-SAT rejects in line 7, then (I' — {v}) U SD(y), which
contains n 2-heterogeneous DSRs, is not Sy-satisfiable by the induction hy-
pothesis. By Lemma 4.5, this is equivalent with I' not being S-satisfiable.
O

Finally, we can show that 2-Horn-SAT is a polynomial-time algorithm and,
thus, show that 2HORNDSRSAT is polynomial.

Theorem 4.9 2HORNDSRSAT is polynomial.

Proof: By Lemma 4.6 and Lemma 4.8, it is sufficient to show that 2-Horn-
SAT is polynomial. The number of recursive calls is bounded by the number
of 2-heterogeneous DSRs in the given input. By Theorem 3.8, we can in
polynomial time decide whether a set of atomic DSRs is Sy-satisfiable. Since
we need only check a polynomial number of such systems in each recursion,
the theorem follows. O

5 The Krom Case

In the case of propositional logic, satisfiability can be checked in polynomial
time for so-called Krom formulae (i.e. CNF formulae with two literals or less
per clause). Therefore, in this section we study the corresponding restriction
on DSRs in order to check whether the restriction to Krom formulae yields
a tractable satisfiability problem. The answer unfortunately turns out to
be negative for both the case of Sy-models and S-models. Recall that the
class of Krom formulae is not comparable to the class of Horn DSRs. The
satisfiability problems are defined as follows:

KROMDSRSAT,:
INSTANCE: A finite set T" of Krom DSRs.
QUESTION: Does there exist an Sy-model of I'?
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KrROMDSRSAT:
INSTANCE: A finite set I" of Krom DSRs.
QUESTION: Does there exist an S-model of I'?

Neither of these restrictions were investigated by Jonsson and Drakengren
[1996].
We shall show that both of these problems are NP-complete.

Theorem 5.1 KrROMDSRSAT is NP-complete.
Proof: DSRSAT is in NP, by Lemma 3.9, so KROMDSRSAT is in NP.

We show hardness for NP by a polynomial-time reduction from MoONO-
TONE 3SAT, which is defined as follows.

INSTANCE: Propositional logic formula a = A; C; over some set P of propo-
sitional symbols, where either C; = pV gV r or C; = —pV —qV —r, for
propositional symbols p,q,r € P.

QUESTION: Is « satisfiable?

First, we show that the following problem is also NP-complete, by reducing
MONOTONE 3SAT to it:

INSTANCE: Propositional logic formula a = A; C; over some set P of propo-
sitional symbols, where either C; = pVqVr or C; = —pV —q, for propositional
symbols p,q,r € P.

QUESTION: Is « satisfiable?

Let o = A; C; be an instance of MONOTONE 3SAT, and construct an instance
of the above problem as follows: For each C; = —pV —qV —r, introduce three
new variables s1, so and s3, and replace C; by the following four clauses:

-pV sy, gV sy, —rV-s3 81VsyVss.

Denote the formula obtained by performing these replacements by o'. It is
easy to see that « is satisfiable iff o' is, and that the reduction is polynomial.

Now, from an instance o of the above NP-complete problem, construct an
instance I' of KROMDSRSAT as follows. First, introduce a new set variable
E, and for each propositional symbol p in «, introduce a set variable P. For
each such variable P, add a relation E C P. We intend to model that P is
false in a model iff P = E holds in that model.
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For each C; = pV qV r, add a relation P # Q V R # E, and for each

; = —pV —r, add a relation P C FEV R C E. Collect all these formulae

in T'. Tt is easy to see that I" has an S-interpretation iff « is satisfiable, and
that the reduction is polynomial. The result follows. O

Theorem 5.2 KROMDSRSAT, is NP-complete.
Proof: Membership in NP follows from Lemma 3.9.

Let I" be an instance of KROMDSRSAT, E a fresh variable, P the set of
variables in I', and set

I' =TU{EdisjE}U{P # E|P € P}.

Now I forces every variable not to take the value @ in any model, and thus
IV has an Sy-model iff " has an S-model. The transformation is polynomial,
and NP-completeness follows. O

We can now summarize the complexity results for the different restricted
version of DSRs, from the proofs in this paper and the paper by Jonsson
and Drakengren [1996]. The result can be found in Table 2.

DSRSAT | DSRSAT,
Atomic | P P
2-Horn | P P
Horn P NPC
Krom NPC NPC
General | NPC NPC

Table 2: The complezity of reasoning about DSRs.

6 Application: Tractable Inference in Intuitionis-
tic Logic

In this section we exploit a connection between topology and intuitionistic
logic found by Tarski [1956], namely that entailment in intuitionistic logic
corresponds to entailment using set equations and topological models, in
order to restrict the general entailment problem of intuitionistic logic to one
that is computable in polynomial time. By the fact that the general problem
is PSPACE-complete [Statman, 1979; Hudelmaier, 1993], this represents an
improvement, but of course at the cost of a more restricted language. To our
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knowledge the only such known tractable subclass is that of Nebel [Nebel,
1995], restricting queries of the form ¢1,..., ¢, 1 ¢ni1 so that every ¢; is a
member of the set 7, the set of binary clauses, containing formulae of the
following kinds:

“fU,"ﬂUV"%“(ﬂU/\y)a"fUV%m - Y,
z,eVy,z ANy, Ny,nz A—y.

Later, we shall see that our class is incomparable with Nebel’s.
First, we need a few concepts.

Definition 6.1 A topological space is a tuple (U, T), where {a,U} C T C
2" and T is closed under finite intersections and arbitrary unions. The
elements of T are called the open sets.

Given any set Y C U, we define its interior i(Y) as the union of all open
sets contained in Y, i.e.

)= | ¢

teT tCY

Note that i(Y) is always open, and that Y is open iff i(Y) = Y, so any
topology is determined by (U,7). O

For a concise introduction to topology, see Arkhangelskii and Fedorchuk
[1990].
Much of the following notation is taken from Bennett [1994].

Definition 6.2 Let P be an enumerable set of propositional symbols. Then
a is a formula in propositional intuitionistic logic (or an Zy formula) over
P iff a is a formula in propositional logic over P. We use F; to denote
entailment in Z;.

A topological interpretation of Iy is a tuple (U, T,P,d), where (U, T) is
a topological space (inducing the interior mapping ¢), P is an enumerable
set of propositional symbols, and d is a denotation function assigning each
p € P aset in T. The domain of d is extended to all Zy formulae formed
from these variables by defining

o d(-a) = i(d(@)),

o d(aAB) =d(a) Nd(B),
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e dlaV p)=d(a)Ud(), and

o d(a— B) =i(d(a) Ud(B)).

We use =1 to denote topological entailment, i.e. entailment between set-
equations which may contain the interior operator ¢, using topological inter-
pretations. O

Tarski [1956] has established the following connection between topology and
intuitionistic logic.

Theorem 6.3 Let o be an Zj formula. Then Froa iff Frd(a) =U. O
The following generalisation was made by Bennett [1994].

Theorem 6.4 Let ay,...,a,,0 be Z; formulae. Then
dlon) =UN...Nd(oy) =U=rd(B) =U

iff
Qt,y...,0n 1 0.

|

Next, a consequence of Theorem 6.4, needed in order to use a satisfiability
algorithm for checking entailment.

Corollary 6.5 Let aq,...,ay,0 be Zy formulae. Then
Aty ...,oant1 08

iff
dlon) =UN...Nd(ay) =UN(B) #U

does not have a topological model.
Proof:
=) Suppose aq,...,a, 5 3. By Theorem 6.4,

dlon) =UN...Nd(a) =U =7 d(B) = U,
and thus

dlog) =UN...Nd(ow) =UNA(B) #U
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does not have a topological model.
<) Suppose

dlon) =UN...Nd(ay) =UN(B) #U

does not have a topological model. Then all topological interpretations that
satisfy d(a1) =U A ... ANd(a,) = U have to satisfy also d(8) = U; thus

dlon) =UN...Nd(o) =U =7 d(B) =U,
and by Theorem 6.4, ay,...,a,Fr 8. O

We shall use the 2-Horn-SAT algorithm for reasoning with the set equations
imposed by the Zj formulae through the d function. For this, we need a few
results.

Proposition 6.6 Let I be a set of Zp formulae and «;, ¢ € {1...n}, T
formulae. Then 'Froq Aag A... Ay, if T'ra; for every i € {1...n}.
Proof: Easily obtained from the axioms of intuitionistic logic. For a list of
these, see, for instance, Dragalin [1988]. O

Proposition 6.7 Let I" be a set of Z; formulae and «, 8 Zj formulae. Then
Fl—[a — B iﬂ‘P,al—[ﬂ.
Proof: See e.g. Dragalin [1988]. O

The following theorem makes it possible to reason about sets alone, bypass-
ing the requirement of topological spaces for the connection with intuition-
istic logic stated in Theorem 6.3.

Theorem 6.8 Let I" be a set 2-Horn DSRs where the set variable symbols
(including U and @) are taken from a set X, and construct the set I as

I"=TU{X CU|X € X} U {odisjo}.

If there exists an Sy-model M for IV, then there exists a topological space
(A, T) such that M(U) = A, M(2) = @ and for each X €¢ X', M(X) € T.
Proof: Take an Sy-model M for I set B' = {M(X)|X € X}, and let T be
obtained from B’ by closing it under finite intersections and arbitrary unions
(B' is a subbasis for T). The relations in IV guarantee that every set in 7 is
a subset of M(U), so we can set A = M(U). We also have M () = @, by
the relation @ disj @ included in I'V. O
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The next result is crucial for translating formulae in intuitionistic formulae
into set equations.

Proposition 6.9 First abbreviate “X is satisfiable iff Y is satisfiable” as
“X siff Y7, X and Y being set expressions, and “satisfiable” meaning having
a topological model.

e dlayV...Vap) =g iff dlag) = A...Nd(an) =2
o d(-a) =U iff d(a) =

a1 A Nap) =U iffdlan) =UA ... Nd(an) =U
o d(a— f) =U iff d(a) C d(B)

o d(a — —f8) = U iff d(a)disj d(B)

o dlag A... Nay) # o siff
X#oANX Cd(lag) N...ANX Cd(ay),
for a fresh variable X

e dlayV...Vay) # o iff dlay) #oV...Vd(a,) # @
o d(—a) #U iff d(a) # @

e dla1 V...Vay) # U siff
X #oAXdisjd(ar) A ... A X disjd(ay),
for a fresh variable X

Proof:
e dlaNp) =g iff dla) Nd(B) = @ iff d(«) disj d(B3)

e d(ag V \/an) =g iff
d(al) S Ud(ap) =2 iffdlag) =9 A ... Nd(ay) =@
o d(—a) =U iffi(d(a)) =U iff d(a) = U iff d(a) = @
o dlag A /\an) Uifd(on)N...Nd(a) =U iff
d(en) = Ad(an) =
o dla—p)= U iff i(d(a) Ud(B)) =U iff
d(a) Ud(B) = U iff d(a) C d(B)
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dla — —8) = U iff i(d(a)
d(a) C d(-B) iff d(a) Ci
d(a) disj d(3)
e dlag A...Nay) o iff dlag) N ... Nd(ay,) # @ siff
X#oANX Cdlag) N...ANX Cd(ay),
for a fresh variable X

e dlay V...Vay) # 2 iff dlay)U...Ud(ay) # @ iff
dlon) #oV...Vd(ap) # 2

o d(—a) #U iff i(d(a)) # U iff
dlo) #U iff d(a) # 2

e dlay V...Vay) #U iff d(a;)U...Ud(ay) # U siff

X #oAXdisjd(ar) A ... A X disjd(ay,),
for a fresh variable X

a
The actual translation procedure is carried out using a rewrite relation:

Definition 6.10 Define the relations ~»; on set equations, by the following,
where «, o; and 8 are Zy formulae, and each new variable introduced is
assumed to be unique.

dlaNpB)=92 ~1  d(a)disjd(pB)
d(alv...Van)=® ~ d(al)zz/\.../\d(an)zz

d(-a) =U ~g dla) =92

dloa Ao hNap) =U ~9 dlar)) =UN...Nd(an) =U
dla— B)=U ~2 d(a) C d(B)

dla —-8) =U ~  d(a)disj d(B)

d(-a) #U ~y d(a) # o
dlarV...Vay) #ZU ~y X #oAXdisjd(ar) A... A X disjd(ay)

Also define ~>= |J; ~, and denote by A ~»* A’ that there exists a (possibly
empty) sequence A ~» ... ~» A’ that is mazimal, i.e. it is impossible to
further rewrite A’ with ~». O
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Corollary 6.11 Let A be a set equation. Then there exists a set equation
A’ such that A ~* A’ and for no other A” # A’, we have A ~»* A".
Furthermore, the rewriting from A to A’ can be done in polynomial time.
Proof: Since the ~»; relations can only rewrite each atomic relation in
exactly one way, and in each step one redex is removed (a redez is a possibility
to rewrite), A’ will be uniquely determined by A. Obviously the rewriting
terminates, and in polynomial time. O

Corollary 6.12 Let A be a set equation, and suppose that A ~»* A’. Then
A is satisfiable iff A’ is satisfiable.
Proof: Directly from Proposition 6.9. O

Now, we can define the languages we need for specifying the tractable class
for intuitionistic logic.

Definition 6.13 Let P be a set of propositional symbols. Define the sets
L;, for 1 <4 <5 in BNF as follows, letting p, ¢, p; denote elements in P,
and of, aé- elements of L;.

Liz=p|piAps|alV...val
Ly:z=p|-a'|aiA...Na)|p—q|p——q
Lyz=p|piA-..Apn [ D1V ...VDy
Lyz=p|=a®|p1V...Vp,
Lsz= atA...Ahat | (@@A...Na2) =

O

We immediately see that the BNF definitions of the languages £; follow the
definitions of the rewrite relations ~»;, except for L5. For example, taking
PAqGE Ly, d(pAq) =2~ d(p)disjd(q).

Proposition 6.14 Let o € L3 and 8 € £4. Then d(a) = U ~* A and

d(B) # U ~* A, where A and A’ are conjunctions of 2-Horn DSRs, satisfy-

ing that whenever an expression d(«) occurs in them, we have a € P.

Proof: We first prove the result for & € £5 by induction, by also proving the

stronger result that for 3 € L1, the corresponding result holds for d(3) = 2.
We begin with the basis steps:
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e For = p, the result is trivial.

For 8 = p1 A po, the result follows by the definition of ~»1.
e For o = p, the result is trivial.
e For a = p — ¢, the result is immediate by the definition of ~»s.
e For a = p — —q, the result is immediate by the definition of ~»s.
Next, the induction steps:

eForB=alVv...val € L1, we get d(B) = @ ~1 d(a}) =S A...A

d(al) = @, and the result follows by induction.

e For a = -al, we get d(—a') = U ~» d(a') = @, and the result follows
by induction.

e Fora =a?A...ANa2, we get d(@3 A ... \Na2) = U ~3 d(a?) =
UN...Nd(a?) =U, and the result follows by induction.

For B8 € L4, no induction is needed. However, we first need to prove the
result that for o € L3, the same holds for d(a) # 2.

e For a = p, the result is trivial.

e For a =p; A... A py, the result follows from the definition of ~»3.

e For a =p; V...V py, the result follows from the definition of ~»3.
Now the results for G € L4:

e For 8 = p, the result is trivial.

e For B8 =p; V...V py,, the result follows from the definition of ~»4.

e For 3 = a3, we get d(—a3) # U ~»4 d(a?®) # @, and the result follows
by the property of L3.
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Algorithm 6.15 (Entailment(T, 3))

input A finite set I' = {o,...,a,} C Lo, B € L5, and .

if n > 1 then
for each (;
if not Entailment(T", 5;) then
reject
accept
elsif 3 =+ — § then
Entailment(I' U {v}, §)
else
Compute d(AT) =U ANd(B) #U ~* A
2-Horn-SAT({A} U {d(p) C U|p € P} U{edisjo})
endif

© 00~ O Ui W N -
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Theorem 6.16 Let I' C Ly and 8 € L5. Then Algorithm 6.15 decides
whether I' -7 3, and furthermore, it does so in polynomial time.

Proof: First, if 3 = A, 3, then by Proposition 6.6 it is necessary and
sufficient to check entailment for the (;s separately, which is done in lines
1-5. Then, as long as 8 = vy — §, we may move « to the left of Fr, and keep
0, by Proposition 6.7, which is done in lines 6-7. Then we are left at line 9
with a problem of the form

F}_I/Ba

where I' C Ly and 8 € L4, by the construction of L5. Since Ls is closed
under finite conjunction, AT € L5. Thus, by Proposition 6.14 we can rewrite
the expression

dA\T) =UNd(B) #U

using ~* into a set expression A where all occurrences of d(«) satisfy a € P.
Furthermore, this expression is a conjunction of 2-Horn DSRs in the variables
d(p) (since the value of propositional symbols in a model are independent,
we can consider the expressions d(p) to be variables), and it is satisfiable iff
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the the original expression is satisfiable, by Corollary 6.12. By Corollary 6.5,
A is satisfiable by a topological model iff T'F; (.

Let @ = {A}U{d(p) CU|p € P}U{adisjz}. If now A has a topological
model, then it is certainly an Sg-model of Q. Conversely, if 2 has an Sy-
model, then by Theorem 6.8, A has a topological model, and correctness
follows.

Polynomiality follows from the polynomiality of 2-Horn-SAT, since the
rewritings in line 9 using ~»* are clearly polynomial. O

Note that this class does not subsume that of Nebel [1995], since, for exam-
ple, formulae on the form —z V —y are not included here. However, Nebel’s
class does not subsume this class either, since e.g. (z — y) — (w — 2) is
not included therein.

7 Discussion

Having identified a tractable fragment of intuitionistic logic, several interest-
ing questions arise. Nebel [1995] uses his tractable class in order to obtain a
tractable class for spatial reasoning, in the so-called RCC-8 spatial algebra
[Randell and Cohn, 1989; Randell et al., 1992]. This class was later extended
by Renz [1996] to a maximal tractable subclass of that spatial algebra. Thus,
since this class is incomparable to Nebel’s, is it possible to use it to obtain
other tractable subclasses of RCC-8, by reducing their satisfiability problem
to that of intuitionistic logic? For the case of the RCC-5 spatial algebra, all
possible cases of tractable subclasses have already been characterised [Renz,
1996; Jonsson and Drakengren, 1997).

Another relevant question is whether we can use our tractable class of
set constraints for tractable inference in other logical systems. For instance,
Renz [1996] uses classes of modal logics in order to prove classes of the RCC-
5 and RCC-8 spatial algebras tractable, so there is obviously a connection
between these formalisms, and our reasoning about sets. It would thus be
interesting to investigate whether we can find tractable classes of these logics,
and related formalisms.

8 Conclusions

We have found a new class of set constraints, the 2-Horn DSRs, for which
reasoning is tractable (i.e. polynomial). This class is used for constructing a
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new class in intuitionistic logic, where tractable inference can be performed.
In order to investigate the borderline between tractable and intractable rea-
soning with set constraints, we prove that a class of set constraints previously
proved tractable, the Horn DSRs, becomes intractable if the empty set is
allowed as values for set variables. In addition, we prove that the restric-
tion to Krom formulae, which is known to be polynomial for propositional
logic, is still NP-complete for set constraints, whether or not the empty set
is allowed for set variables.
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